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eiurY Lecture Plan

Closed Conduit Flow
» Reynolds number, Reynolds experiment — Darcy Weisbach equation

» Minor losses In pipes,
» Pipes in series and pipes in parallel,

» Total energy line, Hydraulic gradient line
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This chapter deals with the flow of fluids which are viscous and flowing at very low velocity. At

low velocity the fluid moves in layers. Each layer of fluid slides over the adjacent layer. Due to relative

du

du
velocity between two layers the velocity gradient — exists and hence a shear stress T= |1 — acts on

the layers. dy

The following cases will be considered in this chapter :
Flow of viscous fluid through circular pipe.
Flow of viscous fluid between two parallel plates.

il S

Power absorbed in viscous flow through

Kinetic energy correction and momentum correction factors.

dy
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Vilscous flow region

te

Inviscid flow region
§ ¥

Viscous flow region
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(a) Journal bearings, (b) Foot-step bearings, and (¢) Collar bearings.

What is viscous fluid flow?
» The viscosity of a fluid is a measure of its resistance to
deformation at a given rate. For liquids, it corresponds to the

informal concept of "thickness": example, syrup has a higher |

viscosity than water.

Why laminar flow is called viscous flow?
» Laminar flow is characterized by smooth or in regular paths of
particles of the fluid. Therefore the laminar flow is also referred
to as streamline or viscous flow. The turbulent fluid does not flow
In parallel layers, the lateral mixing is very high, and there is a

e § |
= \ ; ;

Friction between layers i T T
(a) (b)

(@) Laminar flow occurs in layers without mixing. Viscosity
causes drag between layers as well as with the fixed surface.
(b) An obstruction in the vessel produces turbulence.
Turbulent flow mixes the fluid. There is more interaction,

reater heating, and more resistance than in laminar flow.

disruption between the layers. FM & HM Dr. Pritar Rurmar Da 3
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'Qb B n=0 Viscous .
Smoke rises smoothly

&
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begins to form swirls
and  eddies. The
smooth flow is called
laminar flow, whereas
the swirls and eddies
typify turbulent flow.
If you watch the
smoke, you will notice
(a) If fluid flow in a tube has negligible resistance, the speed is the same all across that it rises more
the tube. (b) When a viscous fluid flows through a tube, its speed at the walls is zero, rapidly when flowing

increasing steadily to its maximum at the center of the tube. (c) The shape of the ~ smoothly than after it

Bunsen burner flame is due to the velocity profile across the tube. becomes turbulent.

» 9.2 FLOW OF VISCOUS FLUID THROUGH CIRCULAR PIPE

for a while and then
@ el |

1

— —— (@) (b)

For the flow of viscous fluid through circular pipe, the velocity distribution across a section, the
ratio of maximum velocity to average velocity, the shear stress distribution and drop of pressure for a
given length is to be determined. The flow through the circular pipe will be viscous or laminar, if the
Reynolds number (R,*) is less than 2000. The expression for Reynold number is given by

'S - - v = . — '
pVD ‘H - A}A_._"_, =D 3 .: &/ )’-1.,”'
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where p = Density of fluid flowing through pipe
V = Average velocity of fluid
D = Diameter of pipe and
L = Viscosity of fluid.

(a) (b)
1 Viscous flow through a pipe.
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The laminar flow has been discussed in chapter 9. In laminar flow the fluid particles move along

Y straight parallel path in layers or laminae, such that the paths of individual fluid particles do not cross

those of neighbouring particles. Laminar flow is possible only at low velocities and when the fluid is
highly viscous. But when the velocity is increased or fluid is less viscous, the fluid particles do not
move in straight paths. The fluid particles move in random manner resulting in general mixing of the
particles. This type of flow is called turbulent flow.

A laminar flow changes to turbulent flow when (i) velocity is increased or (ii) diameter of a pipe is
increased or (iii) the viscosity of fluid is decreased. O. Reynold was first to demonstrate that the

pVD

transition from laminar to turbulent depends not only on the mean velocity but on the quantity ~——.
I
AL is a dimensionless quantity and is called Reynolds number (R,). In case of circular
H
pipe if R, < 2000 the flow is said to be laminar and if R, > 4000, the flow is said to be turbulent. If
R, lies between 2000 to 4000, the flow changes from laminar to turbulent.

REYMNOLDS EXPERIMENT The type of flow is determined from the Reynolds number i.e.,

O. Reynold in 1883. His apparatus is shown in Fig. 10.1.

__~DYE CONTAINER
* _DYE

This quantity

pV xd
1l

. This was demonstrated by

GLASS  \
WATER TUBE EN\?/E\MENT OF
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The apparatus consists of :
(i) A tank containing water at constant head,
(i) A small tank containing some dye,

ADITYA ENGINEERING COLLEGE (A)

(i1i) A glass tube having a bell-mouthed entrance at one end and a regulating value at other ends.
The water from the tank was allowed to flow through the glass tube. The velocity of flow was varied
by the regulating valve. A liquid dye having same specific weight as water was introduced into the

glass tube as shown in Fig. 10.1.
The following observations were made by Reynold :

(1) When the velocity of flow was low, the dye fila-
ment in the glass tube was in the form of a straight line.
This straight line of dye filament was parallel to the
glass tube, which was the case of laminar flow as shown
in Fig. 10.2 (a).

(1i) With the increase of velocity of flow, the dye-
filament was no longer a straight-line but it became a
wavy one as shown in Fig. 10.2 (b). This shows that
flow is no longer laminar.

(i7i) With further increase of velocity of flow, the
wavy dye-filament broke-up and finally diffused in
water as shown in Fig. 10.2 (¢). This means that the

DYE

// FILAMENT
(a) Laminar flow WAVY

(b) Transition

(c) Turbulent flow

DIFFUSED
FILAMENT

Fig. 10.2 Different stages of filament.

fluid particles of the dye at this higher velocity are moving in random fashion, which shows the case
of turbulent flow. Thus in case of turbulent flow the mixing of dye-filament and water is intense and

flow is irregular, random and disorderly.
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In case of laminar flow, the loss of pressure head was found to be proportional to the velocity but in
case of turbulent flow, Reynold observed that loss of head is approximately proportional to the square
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of velocity. More exactly the loss of head, ko< V", where n varies from 1.75 to 2.0

FRICTIONAL LOSS IN PIPE FLOW
When a liquid is flowing through a pipe, the velocity of the liquid layer adjacent to the pipe wall is
zero. The velocity of liquid goes on increasing from the wall and thus velocity gradient and hence
shear stresses are produced in the whole liquid due to viscosity. This viscous action causes loss of
energy which is usually known as frictional loss.
On the basis of his experiments, William Froude gave the following laws of fluid fraction for
turbulent flow.
The frictional resistance for turbulent flow is : CP @
(i) proportional to V", where n varies from 1.5 to 2.0, Fy
(1) proportional to the density of fluid,
(77¢) proportional to the area of surface in contact,
(iv) independent of pressure,
(v) dependent on the nature of the surface in contact.

+

R
Y.y

1
_}P

I

|

|

|

l

1"
@ > In fluid flow, friction loss

(or skin friction) is the loss
10.3.1 Expression for Loss of Head Due to Friction in Pipes. Consider a uniform hori- of pressure or “head” that

G =

zontal pipe, having steady flow as shown in Fig. 10.3. Let 1-1 and 2-2 are two sections of pipe. occurs in pipe or duct flow
Let p, = pressure intensity at section 1-1, due to the effect of the
V, = velocity of flow at section 1-1, fluid's viscosity near the

surface of the pipe or duct.
FM & HM Dr. Pritam Kumar Das 7



pos leng(h — pipe betwesi sections 11 and 2-2 ADITYA ENGINEERING COLLEGE (A)
d = diameter of pipe,

f’ = frictional resistance per unit wetted area per unit velocity,
h, loss of head due to friction,
p,, V, = are values of pressure intensity and velocity at section 2-2

Applying Bernoulli’s equations between sections 1-1 and 2-2,
Total head at 1-1 = Total head at 2-2 + loss of head due to friction between 1-1 and 2-2

Vv A
or PLyllyz = —’-)-3~+—2—+zz+[rf
pPg 28 pPg 28
But 2, = 2, as pipe is horizontal

V, =V, as dia. of pipe is same at 1-1 and 2-2

L O Tl i i)

PE P& Pg P&
But A, is the head lost due to friction and hence intensity of pressure will be reduced in the direction
of flow by frictional resistance.
Now frictional resistance = frictional resistance per unit wetted area per unit velocity X wetted area
X vclocity2

or Fy=f" xmdLxV?* [. wetted area=nd x L, velocity = V=V, =V,]
=F XPxXLX V2 | .+ md = Perimeter = P] ...(ii)

FM & HM Dr. Pritam Kumar Das 8



The forces acting on the fluid between sections 1-1 and 2-2 are :

1. pressure force at section 1-1 =p, X A
where A = Area of pipe
2. pressure force at section 2-2 = p, X A
3. frictional force F'| as shown in Fig. 10.3.
Resolving all forces in the horizontal direction, we have

pA-pA-F; =0

or (P -pJ)A=F,=f' XPXLxV
f'xPxLxV?
or Pr-p2= A

But from equation (i), p\ — p, = pghy

Equating the value of (p, - p,), we get

In equation (iii), %

4

Putting L:; where f is known as co-efficient of friction.
0

f'xPxLxV?

h, =

pghy 1

hy= L P sixv i)

pg A
_ Wetted perimeter _ nd = 4
Area Edz d
4
’ ’ 2

h,:in w L ve LAY (i)

pg d pg d

..(10.1)

[ -+ From (ii), F, = f’PLV’]

Equation (iv), becomes as  h;

ADITYA ENGINEERING COLLEGE (A)

4.f LV _4f.L.V?

2¢  d

oss of head due to friction in pipes.
Sometimes equation (10.2) is written as

FM & HM

hy

_ foL.V®
dx2g

Then fis known as friction factor.

dx2g

-(10.2)

Equation (10.2) is known as Darcy-Weisbach equation. This equation is commonly used for finding

(10.24)



10.3.2 Expression for Co-efficient of Friction in Terms of Shear Stress. The equation (10.1) ITYA ENGINEERING COLLEGE (A)
% | gives the forces acting on a fluid between sections 1-1 and 2-2 of Fig. 10.3 in horizontal direction as

PA-pA-F =0

or (p; — p2)A = F; = force due to shear stress T,
= shear stress X surface area
=TgXmd X L
or (p.—p2)§d2=roxndx1, {'.'A=;:-dl}

Cancelling ntd from both sides, we have

d
(Pn‘Pz)Z=TDXL

4t, X L
or (py-p) = °d ..(10.3)
- a4f.L.V?
Equation (10.2) can be written as he= L Rl fubuy,
Pg dx2g
e O T |
or ~ = X ..(10.4)
Py - p2) dx2g Pg
Equating the value of (p; — p,) in equations (10.3) and (10.4),
At; %L 41 .L.V*
oXL _4f.LV
d dxX2g
fV: xpg _ fV’?
o = = X
or 0 22 22 pg
2
or To =fP—‘2/— ...(10.5)
f= 21‘1- ..(10.6) 0
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When a fluid is flowing through a pipe, the fluid experiences some resistance due to which some of

the energy of fluid is lost. This loss of energy is classified as :
Energy Losses

' '
1. Major Energy Losses 2. Minor Energy Losses

| ' Water flow
This is due to friction and it is This is due to ’
calculated by the following (a) Sudden expansion of pipe

» ‘ B

formulae : (b) Sudden contraction of pipe 0 Q @ wwgm O 0 @
(a) Darcy-Weisbach Formula (c) Bend in pipe _ Segbtiysioves A
(b) Chezy's Formula (d) Pipe fittings etc. ﬁ!ﬂhﬂﬂvﬂm -

(e) An obstruction in pipe. -»> . . . . .‘.". . . . .

» 11.3 LOSS OF ENERGY (OR HEAD) DUE TO FRICTION

-p

(a) Darcy-Weisbach Formula. The loss of head (or energy) in pipes due to friction is calculated
from Darcy-Weisbach equation which has been derived in chapter 10 and is given by

% 5 0
! dx2g
where h.f= loss of head due to friction

..(11.1)
[ = co-efficient of friction which is a function of Reynolds number

= ;—6 for R, < 2000 (viscous flow)
€

= 0079 for R, varying from 4000 to 10°

L = length of pipe,
V = mean velocity of flow,

FVEEHM UF 4 = diameter of pipe.



(b) Chezy’s Formula for loss of head due to friction in pipes. Refer to chapter 10 article 10.3.1
in which expression for loss of head due to friction in pipes is derived. Equation (iif) of article 10.3.1, is

he= P xixv? (11.2)
Pg
where h,= loss of head due to friction, P = wetted perimeter of pipe,
A = area of cross-section of pipe, L = length of pipe,

and V = mean velocity of flow.

Area of flow
Perimeter (wetted)

A
Now the ratio of P (= ) is called hydraulic mean depth or hydraulic radius and

is denoted by m.

R g2
A 34 d
. Hydraulic mean depth, m= —=——=—
P mnd 4
oo A 2k .
Substituting — =m or —=— in equation (11.2), we get
P A m
’ h
he= / xLxV’xior V'-hfxp—gxrnxl=B§me—’
Pg L L

;
V= 'f /pg J (11.3)

’ i = C, where Cis a constant known as Chezy’s constant and T = i, where 7 is loss of head

per unit length of pipe.

h
Substituting the values of ’F}—% and JT] in equation (11.3), we get

V=C Jmi L(11.4)

ADITYA ENGINEERING COLLEGE (A)

12



Equation (11.4) is known as Chezy’s formula. Thus the loss of head due to friction in pipe from |G COLLEGE (A)
| Chezy’s formula can be obtained if the velocity of flow through pipe and also the value of C is known.
The value of m for pipe is always equal to d/4.

Problem 11.1 Find the head lost due to friction in a pipe of diameter 300 mm and length 50 m,
through which water is flowing at a velocity of 3 m/s using (i) Darcy formula, (ii) Chezy’s formula for
which C = 60.

Take v for water = 0.01 stoke.

Solution. Given :

Dia. of pipe, d= 300 mm = 0.30 m
Length of pipe, L=50 (if) Chezy’s Formula. Using equation (11.4)
Velocity of flow, V=3m/s V=C+mi
Chezy’s constant, C=60 d 030
Kinematic viscosity, v= 0.01 stoke = 0.01 cm?/s where C =60, m = 1 = T =0.075 m
= 0.01 x 107 m%s.
(/) Darcy Formula is given by equation (11.1) as 3=l m e (_3.)2 y 1 = 0.0333
2 60 075
. 4.f.L.V
=
dx2g hy, h
- - . . . But i o _f = —[
here *f* = co-efficient of friction is a function of Reynolds number, R, L 50
s i Vxd 3.0x0.30 5 h
But R, is given by R “mwro® 2N Equating the two values of i, we have ;—(f)- =.0333
: Nalie o e 0.0349 2 0.079 = 00256 h,= 50 x .0333 = 1.665 m. Ans.
R, (9x10°)
4 % 00256 x 50 x 3°
. Head lost, he= = .7828 m. Ans. Dr. Pritam Kumar Das 13
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_, HI’B%% Problem 11.2 Find the diameter of a pipe of length 2000 m when the rate of flow of water through
|| fhe pipe is 200 litres/s and the head lost due to friction is 4 m. Take the value of C = 50 in Chezy's
formulae.
Length of pipe, L= 2000 m
Discharge, Q = 200 litre/s = 0.2 m%/s
Head lost due to friction, h, =4 m
S is : 2 02x4
Value of Chezy’s constant, C = 50 Velocity of flow, TR '“:h”g‘ = RQ = : * OMZ
Let the diameter of pipe = d red i Zdz
; d
Hydraulic mean depth, m= 1
Loss of head R L
oss of head per unit length, i = —~= =.002
i . L~ 2000

Chezy’s formula is given by equation (11.4) as V = C +/mi

Substituting the values of V, m, i and C, we get

L X4-50‘,—x002 or —x002- 0.§x4 ='005209
nd* x50 d

509° _ 0000259

d
Squaring both sides, — x .002 =
quaring 4 d“ a4t

e 4 x .0000259
002

= 0.0518

Fl o d= Y0.0518=(.0518)""" = 0.553 m = 553 mm. Ans.



Problem 11.4 An oil of sp. gr. 0.7 is flowing through a pipe of diameter 300 mm at the rate of ENGINEERING COLLEGE (A)
| 300 litres/s. Find the head lost due to friction and power required to maintain the flow for a length of

1000 m. Take v = .29 stokes.
Solution. Given :

Sp. gr. of oil, $=0.7

Dia. of pipe, d=300 mm=03m
Discharge, Q = 500 litres/s = 0.5 m>/s
Length of pipe, L= 1000 m

Q _ 05 05x4

Velocity, V= -
Area T 2 wx0.3°

4

_Vxd 7073x0.3
v 029 x10°*

079 0.79

Co-efficient of friction, f= —— = = 20048

R, (7316 x10*)

= 7.073 m/s

Reynolds number, R, = 7.316 x (10)*

4% fxLxV* 4x.0048 x 1000 x 7.073

Head lost due to friction, h]= = 163.18 m

dx2g 0.3x2 x9.81
Q.h,
Power required = & kW
1000
where p = density of oil = 0.7 x 1000 = 700 kg/m’
Poser e = o002 XUIXI0MS . xenan KW A,

1000 15



MINOR LOSS OF ENERGY IN PIPES
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» Energy losses in pipes used for the transportation of fluids (water, petroleum etc.) are essentially

due to friction, as well as to the diverse singularities encountered. These losses are usually converted

into head reductions in the direction of the flow.

The loss of head or energy due to friction in a pipe is known as major loss while the loss of energy
due to change of velocity of the following fluid in magnitude or direction is called minor loss of

energy. The minor loss of energy (or head) includes the following cases :

1. Loss of head due to sudden enlargement,
2. Loss of head due to sudden contraction, |
3. Loss of head at the entrance of a pipe, Entrances
. 6o i > and Exits
4. Loss of head at the exit of a pipe,
5. Loss of head due to an obstruction in a pipe, :lj_. L
(;. Loss of head due to bend in the pipe, Siiddan exbaHEIoN

Loss of head in various pipe fittings. or contraction

E

-/— _\ Valves
X _/"

Gradual expansions ﬁ]ﬁ r—

or contractions
Bends or other
fittings

In case of long pipe the above losses are small as compared with the loss of head due to friction and
hence they are called minor losses and even may be neglected without serious error. But in case of a

short pipe, these losses are comparable with the loss of head due to friction.

11.4.1 Loss of Head Due to Sudden Enlargement. Consider a liquid flowing through a pipe
which has sudden enlargement as shown in Fig. 11.1. Consider two sections (1)-(1) and (2)-(2) before

and after the enlargement.

FM & HM Dr. Pritam Kumar Das
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Let P = pressure intensity at section 1-1,

V, = velocity of flow at section 1-1,
A, = area of pipe at section 1-1,

p», V5 and A, = corresponding values at section 2-2.

Due to sudden change of diameter of the pipe from D, to D,, the liquid flowing from the smaller
pipe is not able to follow the abrupt change of the boundary. Thus the flow separates from the boundary
and turbulent eddies are formed as shown in Fig. 11.1. The loss of head (or energy) takes place due to
the formation of these eddies.

Let p’ = pressure intensity of the liquid eddies on the area (A, - A)) © @
= loss of head due to sudden enlargement 1S
Applying Bernoulli’s equation at sections 1-1 and 2-2, : > :
V2 V’ Vv, N p,A,;. ______ | PoA, B ___Xz
L« P + 2 =£2 —=+ ——+ Z, + loss of head due to sudden enlargement : ;
pg 28 pg 2 V]9 !
. . . ' ‘)‘) '
But 7, = Z, as pipe is horizontal ©) ,
2 2 :
- V‘;-
14 + ‘/l - P2 irign ST he @
Pg 28 pg 28

or Izez[p’ p”) [V VZJ
Pg P8 28 2g

FM & HM Dr. Pritam Kumar Das
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Consider the control volume of liquid between sections 1-1 and 2-2. Then the force acting on the G G COLLEGE (A)

liquid in the control volume in the direction of flow is given by

Fe=pA+ p'(Ay—A)) - oA,
But experimentally it is found that p” = p,
Fo=pA; + pi(Ay — A) = prA; = p\A;y = prA,
= (py - P2JAs D)
Momentum of liquid/sec at section 1-1 = mass X velocity
= pA, V; x V, = pA,V,’
Momentum of liquid/sec at section 2-2 = pA,V, X V, = pA,V,’
Change of momentum/sec = pA2V22 - pA,V,2
But from continuity equation, we have

v,
A|V| =A2V2 OI‘AI = Az -

2 A‘) Vq 2
Change of momentum/scc = pA;Vy” = p X == X V" = pA,V,* — pA,V,V,
1

= pA,[V,% - V,V,] .. (iii)

Now net force acting on the control volume in the direction of flow must be equal to the rate of
change of momentum or change of momentum per second. Hence equating (ii) and (iii)

(P — P2A; = pA[Vy" - V| V3]

p
Dividisig by gon both:sides; wobave 2Pk Y2 ~ W% BB . N = WY

pg g pg pg g 5
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P8 PS8

W7 | Substituting the value of (ﬂ - &) in equation (i), we get

Vi - WV, & VW Ve 2V -2V + W -V

h

h, = -v) (11.5)
28
11.4.2 Loss of Head due to Sudden Contraction. Consider a liquid flowing in a pipe which
has a sudden contraction in area as shown in Fig. 11.2. Consider two sections 1-1 and 2-2 before and
after contraction. As the liquid flows from large pipe to smaller pipe, the area of flow goes on
decreasing and becomes minimum at a section C-C as shown in Fig. 11.2. This section C-C is called
Vena-contracta. After section C-C, a sudden enlargement of the area takes place. The loss of head due

to sudden contraction is actually due to sudden enlargement from Vena-contracta to smaller pipe.

» Head loss due to sudden contraction = head loss upto vena contracta + head loss due to sudden enlargement.

» Due to sudden enlargement turbulent eddies are formed at the corner of the enlargement of the pipe section. The
formation of eddies cause loss of energy in form of heat to the surrounding.

» The sudden contraction in the area / diameter of a fluid jet after it emerges from a circular aperture in a
pressurized reservoir is called as vena contracta. Coefficient of contraction is the ratio of the cross sectional area
of the jet at the vena contracta to the area.of the orifice

Dr. Pritam Kumar Das 19



Let A_.= Area of flow at section C-C © ADITYA ENGINEERING COLLEGE (A)

V. = Velocity of flow at section C-C : S e —
C ; ""'.I
A, = Area of flow at section 2-2 ' © @ —"'--__\; Il Vena contracta
V, = Velocity of flow at section 2-2 % : ! m:_iﬂ_;:_.-ﬁ
h. = Loss of head due to sudden contraction. B o | SRPRIVPR, . MPA o > :

Now h,. = actual loss of head due to enlargement from
section C-C to section 2-2 and is given by equation (11.5) as

s 2 2 :
_(v.-v) v [yc__,] P

©-pg
-

28 28 |V Fig.11.2 Sudden contraction.
From continuity equation, we have
AC
AV, =AV, or Yo dp L 1 [Q =A_]
V, A (A./4;) C. 2
Substituting the value of %/,‘— in (i), we get
2 2
i = ) A ..(11.6)
28 | C.
=Hz—,wherc k= -—l—- |
2g C:
If the value of C. is assumed to be equal to 0.62, then
l 2
k = [—— 1] = 0.375 2 2
0.62 Then h,. becomes as h.= e T 0.375 LN
28 2g
If the value of C_is not given then the head loss due to contraction is taken as
vy Vy
=052 orh,=05—>. (11.7)

FM & HM 28 Zg



ADITYA ENGINEERING COLLEGE (A)

Problem 11.8 Find the loss of head when a pipe of diameter 200 mm is suddenly enlarged to a
diameter of 400 mm. The rate of flow of water through the pipe is 250 litres/s.

Solution. Given :
Dia. of smaller pipe, D= 200 mm = 0.20 m

- Area, A = % D= g (2)* = 0.03141 m?
Dia. of large pipe, D, =400 mm = 0.4 m
- Area, A, = % x (0.4)* = 0.12564 m?
Discharge, 0 = 250 litres/s = 0.25 m’/s
Velocity, = £ 022 o 7.96 m/s

A, 03141
Velocity, V, = Q = 025 = 1.99 m/s

A, 12564

Loss of head due to enlargement is given by equation (11.5) as

Vi-V,)" (796199
h,= - V) = ( ) = 1.816 m of water. Ans.
2g 2g

~
-

Problem 11.9 At a sudden enlargement of a water main from 240 mm to 480 mm diameter, the
hydraulic gradient rises by 10 mm. Estimate the rate of flow. (J.LN.T.U., S 2002)

FM & HM Dr. Pritam Kumar Das 21




Dia. of smaller pipe, D, =240 mm =0.24 m

- Area, A= %D.2 ; (:24)*

Dia. of large pipe, D, =480 mm = 0.48 m

Tt 2
A,=— (048
2 4( )

21
Pg
Let the rate of flow = Q

Applying Bernoulli’s equation to both sections, i.e., smaller pipe section, and large pipe section.

.. Area,

10 1

& m=——=——m
1000 100

_+zl

Rise of hydraulic gradient®, i.e., [zz
Pg

"

ADITYA ENGINEERING COLLEGE (A)

Vz ~
P + 4L = P +—2 4 Z, + Head loss due to enlargement (D)
pg  2g pg  2g
Now substituting the value of /1, and V, in equation (i),
But head loss due to enlargement, 2
5 P + (4V2) 7. = P2 22 9Vz2
V_v) Gy T = b ZI—_+_+22+_
= M~W) (i) pg 28 pg  2g 28
¢ 2g 2 2
_ . 6V, Vi 9v;  (p, ;
From continuity equation, we have AV, = A,V, or S =42 |- %
2¢ 28 28 \pg P8
T _»
—D; XV, 2 2
A,V. 272 D, A48 )
V,= 22 _ 4 =|—=| xXV,= (—) XV,= 2% x V, =4V, But hydraulic gradient rise = L~l- z, |-| =+ L | = k.1
A n D} D, 24 pg pg 100
4
2 2 2 2
Substituting this value in (i7), we get 16V; 2 V_z_ Vi - I or o6V; - 1
= 3 2¢  2g 2g 100 2g 100
_@n-w) w)_ow
‘ 2g 2g 2g V,= 2x981 _ , 1808 = 0.181 m/s
6 x100
Discharge, Q=A,xV,
- % DX V,= % (48)% x.181 = 0.03275 m /s
FM & HM Dr. F

= 32.75 litres/s. Ans.
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11.772 N/em®. Determine :

(iti) power lost due to enlargement.

Problem 11.10 The rate of flow of water through a horizontal pipe is 0.25 m’/s. The diameter of the
pipe which is 200 mm is suddenly enlarged to 400 mm. The pressure intensity in the smaller pipe is

(i) loss of head due to sudden enlargement, (ii) pressure intensity in the large pipe,

Q= 0.25m’s
D, =200 mm = (.20 m

Discharge,
Dia. of smaller pipe,

(if) Let the pressure intensity in large pipe = p,.
Then applying Bernoulli’s equation before and after the sudden enlargement,

n 2 2
Arca. A|=— (‘2)2=0.03l4l m2 ﬂ+i+zl=&+lz“+29+lle
4 pg 28 pg 28
Dia. of large pipe, D, = 400 mm = 0.40 m But 2 =2, (Given horizontal pipe)
b1 2 2 2 2
. Area, A, == (0.4)> = 0.12566 m’ -3'-+Y‘—=&+V—2+h, or Pz W Y - h,
4 pg 22 pg 2g pPg Pg 28 2%
Pressure in smaller pipe, p, = 11.772 N/em® = 11.772 x 10" N/m* ot | 7968 199t
. 0.25 T 1000x9.81 2x981 2x981
Now velocity, V,= L = 7.96 m/s
A, 03141 = 12.0 + 3.229 - 0.2018 - 1.8160
025 = 15.229 - 2.0178 = 13.21 m of water
M - - 2
Velocity, Vi Q _ ~ 1.99 m/s p,=13.21 x pg = 13.21 x 1000 x 9.81 N/m
A, 12566 = 13.21 x 1000 x 9.81 x 10 Nfem” = 12.96 N/em®. Ans.
(i) Loss of head due to sudden enlargement, (iti) Power lost due to sudden enlargement,
pg.0.h 1000 x 9.81 x 0.25 % 1.816
2 2 P= £ = = 4.453 kW. Ans.
PO Y W L) O 1000 1000 o
‘ 2g 2 x9.81 ' '
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11.4.4 Loss of Head at the Exit of Pipe. This is the loss of head (or energy) due to the ADITYA ENGINEERING COLLEGE (A)

velocity of liquid at outlet of the pipe which is dissipated either in the form of a free jet (if outlet of the

pipe is free) or it is lost in the lal_}k or reservoir (if the outlet of the pipe is connected to the tank or

v
reservoir). This loss is equal to 25 where Vis the velocity of liquid at the outlet of pipe. This loss is

denoted h,,.

V2
h,=— ..(11.9)
2g
where V = velocity at outlet of pipe.

11.4.5 Loss of Head Due to an Obstruction in a Pipe. Whenever there is an obstruction
in a pipe, the loss of energy takes place due to reduction of the area of the cross-section of the pipe at
the place where obstruction is present. There is a sudden enlargement of the area of flow beyond the
obstruction due to which loss of head takes place as shown in Fig. 11.3 (a)

obstruction as shown in Fig. 11.3 (a).
Let a = Maximum area of obstruction

A = Area of pipe

Consider a pipe of area of cross-section A having an @ ®
[
| I 5
] | '
V= Velocity of liquid in pipe !, | 1
Then (A - a) = Area of flow of liquid at section 1-1, [ S e _!_
|

As the liquid flows and passes through section ;l |
1-1, a vena-contracta is formed beyond section 1-1, | i
after which the stream of liquid widens again and |
velocity of flow at section 2-2 becomes uniform and @ @
equal to velocity, Vin the pipe. This situation is similar to Fig.11.3 (@) An obstruction in a pipe.
the flow of liquid through sudden enlargement.
Let V. = Velocity of liquid at vena-contracta.

Then loss of head due to obstruction = loss of head due to enlargement from vena-contracta to 24
section 2-2.




(V.-v)

28
From continuity, we have a.xXV.=AXYV

vhere a,. = area of cross-section at vena-contracta

If C. = co-efficient of contraction
area at vena - contracta a,
Then C.= = ¢
(A-a) (A-a)
% a.=C.xX(A-a)
Substituting this value in (i), we get

AxXV

C‘.X(A—a XV(.=AXV o V‘_=—
) C.(A-a)

Substituting this value of V_ in equation (i), we get

Head loss due to obstruction = =

2

_AXV vy

(v.-v) (c(a-a ") vi( a4
2¢g 28 28

11.4.6 Loss of Head due to Bend in Pipe. When there is any bend in a pipe, the velocity of
flow changes, due to which the separation of the flow from the boundary and also formation of eddies

takes place. Thus the energy is lost. Loss of head in pipe due to bend is expressed as

where /1, = loss of head due to bend, V = velocity of flow, k = co-efficient of bend

The value of k depends on
(i) Angle of bend, (i1) Radius of curvature of bend, (1it) Diameter of pipe.

C.(A-a)

(i ENGINEERING COLLEGE (A)

.. (1)

l} (11.10)

» The additional loss of head in flow
through pipe bends is known as bend
loss and is usually expressed as a
fraction of the velocity head as ,
where V is the average velocity of
flow through the pipe. 25



%, (11.4.7 Loss of Head in Various Pipe Fittings.
+ % [such as valves, couplings ctc., is expressed as

_kV?
28

The loss of head in the various pipe fittings |G COLLEGE (A)

w(1131)

where V = velocity of flow, k& = co-efficient of pipe fitting.

Problem 11.15 Water is flowing through a horizontal pipe of diameter 200 mm at a velocity of
3 m/s. A circular solid plate of diameter 150 mm is placed in the pipe to obstruct the flow. Find the loss

of head due to obstruction in the pipe if C. = 0.62.
Solution. Given :

Dia. of pipe, D =200 mm = 0.20 m
Velocity, V=3.0m/s
Area of pipe, A= % D’ = % (0.2)>=0.03141 m*?

Dia. of obstruction, d=150mm=0.15m

~. Area of obstruction, a= % (.15)2 =0.01767 m’

FM & HM

C.=0.62

The head lost due to obstruction is given by equation (11.10) as

3 2
V it -1.0
2g\ C.(A-a)

3x3 03141 ]l
2x981|0.62[03141-.01767]

9
~ 2x981

Dr. Pritam Kumar Das 26

[3.687 — 1.0)* = 3.311 m. Ans.




Problem 11.16 Determine the rate of flow of water through a pipe of diameter 20 cm and length )JITYA ENGINEERING COLLEGE (A)
50 m when one end of the pipe is connected to a tank and other end of the pipe is open to the
atmosphere. The pipe is horizontal and the height of water in the tank is 4 m above the centre of the

: . . . dif LiV?
pipe. Consider all minor losses and take f = .009 in the formula h; = ! 4 .
! dX2g
Solution. Dia. of pipe, d=20cm=0.20 m
Length of pipe, L=50m - -
WATER SURFACE
Height of water, H=4m ==
Co-efficient of friction, f=.009 & T
Let the velocity of water in pipe =V m/s. il
Applying Bernoulli’s equation at the top of the water l_ ___________ o,
surface in the tank and at the outlet of pipe, we have L=50 m e
[Taking point 1 on the top and point 2 at the outlet of d=20 cm
pipe]. Fig. 11.4
2 2
ﬂ+Z‘_+z, e Voo, z, + all losses
pg 28 pg 28

Considering datum line passing through the centre of pipe

-

0+0+40=0+2 +0+ (b + hy
2g

2

or 4.O=V—2+h,-+h,
2¢g
But the velocity in pipe = V, V=V,
4.0 = V_ + h, + hf u.(i)
2g
2
From equation (11.8), ;= 0.5 o and h, from equation (11.1) is given as 27
8



2 ADITYA ENGINEERING COLLEGE (A)

EADIMTYAY

ENLIOHTENS THE NESCIENCE Y

Substituting these values, we have

V: 05V?: 4.f.L.V?
+ +

T2 2g dx2g
V2 14

i —[1.0+ 0:54 2 2X:009 X 50] =~ [1.0 + 0.5 + 9.0]
2g 0.2 2¢g

4.0

-
e

2

V
= 10.5 x —
2g

- ‘/4x2x9.81
- 10.5

0=AxV= % x (0.2)> X 2.734 = 0.08589 m*/s

= 2.734 m/sec

Rate of flow,

= 85.89 litres/s. Ans.
» 11.5 HYDRAULIC GRADIENT AND TOTAL ENERGY LINE

The concept of hydraulic gradient line and total energy line is very useful in the study of flow of
fluids through pipes. They are defined as :
11.5.1 Hydraulic Gradient Line. It is defined as the line which gives the sum of pressure head

(ﬁ) and datum head (z) of a flowing fluid in a pipe with respect to some reference line or it is the line
w
which is obtained by joining the top of all vertical ordinates, showing the pressure head (p/w) of a

flowing fluid in a pipe from the centre of the pipe. It is briefly written as H.G.L. (Hydraulic Gradient

Line).
28
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ADITYA ENGINEERING COLLEGE (A)

£ | 11.5.2 Total Energy Line. It is defined as the line which gives the sum of pressure head, datum
s¥mes| 1oad and kinetic head of a flowing fluid in a pipe with respect to some reference line. It is also defined as

the line which is obtained by joining the tops of all vertical ordinates showing the sum of pressure head
and kinetic head from the centre of the pipe. It is briefly written as T.E.L. (Total Energy Line).
Problem 11.16 Determine the rate of flow of water through a pipe of diameter 20 cm and length
50 m when one end of the pipe is connected to a tank and other end of the pipe is open to the
atmosphere. The pipe is horizontal and the height of water in the tank is 4 m above the centre of the
4.f.L.V?
dXx2g

Problem 11.22 For the problem 11.16, draw the Hvdraulic Gradient Line (H.G.L.) and Total
Energy Line (T.E.L.).

pipe. Consider all minor losses and take f = .009 in the formula h; =

Solution. Given :

L=50m,d=200mm=02m
i Di,h.=o.19

H=4m, f=.009 —————
Velocity, V through pipe is calculated in problem 11.16 and its value is V = 2.734 m/s e TE >
Now, h; = Head lost at entrance of pipe O £

2 3 4m
v 05x2.734° e ome

=05 —+ =0.19m =
2g 2x981 ‘ —— \\\’F

R e —— e e
6 ®

4% fx LxV: 4x0009x50x(2.734)
dx2g 0.2 x2 x9.81

and ;= Head loss due to friction = =3.428 m. L=50 m
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ADITYA ENGINEERING COLLEGE (A)

(a) Total Energy Line (T.E.L.). Consider three points, A, B and C on the free surface of water in
the tank, at the inlet of the pipe and at the outlet of the pipe respectively as shown in Fig. 11.8. Let us
find total energy at these points, taking the centre of pipe as reference line.

Ii TotalcncrgyatA=L+V—+z=0+0+4.0=4m
pg  2g
2. Total energy at B = Total energy atA - h, =4.0-0.19=3.81'm
vl ’ 734
3. To(alcncrgyatC=p—‘+L+zc=0+—+0= Siiod = (.38 m.
pg  2g 28 2x9.81

Hence total energy line will coincide with free surface of water in the tank. At the inlet of the pipe,
it will decrease by &, (= 0.19 m) from free surface and at outlet of pipe total energy is 0.38 m. Hence
in Fig. 11.8,

(i) Point D represents total energy at A

(i1) Point E, where DE = h;, represents total energy at inlet of the pipe
(7if) Point F, where CF = (.38 represents total energy at outlet of pipe.
Join D to E and E to F. Then DEF represents the total energy line.

() Hydraulic Gradient Line (H.G.L.). H.G.L. gives the sum of (p/w + z) with reference to the
2

datum-line. Hence hydraulic gradient line is obtained by subtracting -‘2/— from total energy line. At
8

2 2

- -

V Vv
outlet of the pipe, total energy = 5" By subtracting o from total energy at this point, we shall get
8 8
point C, which lies on the centre line of pipe. From C, draw a line CG parallel to EF. Then CG
represents the hydraulic gradient line.



ADITYA ENGINEERING COLLEGE (A)
Flow through pipe in series «When pipes of different diameters are connected end to end to

form a pipe line, they are said to be in series. The total loss of energy (or head) will be the sum of the
losses in each pipe plus local losses at connections.

This is defined as the pipe of uniform diameter having loss of head and discharge equal to the loss
of head and discharge of a compound pipe consisting of several pipes of different lengths and diam-
eters. The uniform diameter of the equivalent pipe is called equivalent size of the pipe. The length of
equivalent pipe is equal to sum of lengths of the compound pipe consisting of different pipes.

Let L, =length of pipe | and d, = diameter of pipe |

B
L, = length of pipe 2 and d, = diameter of pipe 2 l‘“ | T L Cy
L, = length of pipe 3 and d,= diameter of pipe 3 RERSEREN. Y D e = G Do - - - Ve Q. p_ .,
H = total head loss v, Vg l
L = length of equivalent pipe Hy f | | } H,
d = diameter of the equivalent pipe “ " >e " > "
Then L=L| +L2+L3
Total head loss in the compound pipe, neglecting minor losses Pipes in Series
2 ; 2 2 Q
4 4 4 V. —
p=2hhW hLLY, + ALYs L11.144) | _ LI
d x2g d,x2g dyx2g |
Assuming fl =f2 =f3 =f 2
> 2 2 Q, = Q = Q
Discharge, 0=A,V,=A,V,=AV;= g 42V, = g d,2V, = g d2V, P - : 3
s s A Liotal = L1 + Mo + hig
v,=22 v,= 2 sav,=2
rd, nd; nd;
FM & HM
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Substituting these values in equation (11.14A), we have ADITYA ENGINEERING COLLEGE (A)

2 N2 2
wclt] (8] ol

nd, nd; nd:
H= + o -
d, x2g d, x2g dyx2g
4x16f0° | L, L, L,
= 3 =g «(11.15)
n’ x2g I:df d;  dr
. : . &P L : ; :
Head loss in the equivalent pipe, H = i [Taking same value of f as in compound pipe]
8
where V = -Q—= 0 = 40
T2 md?
—d
4
40\
4f'L’(n42) 4x160°f[ L
= = > —5' (1 116)
dx2g n°x2g |d

Head loss in compound pipe and in equivalent pipe is same hence equating equations (11.15) and
(11.16), we have

4 x16 fQ* L L L _4xl6Q2f[L]
n’x2g |d) di d} n?x2g Ld°

L L
hotih b o Dol Do (11.17)
d dy, d; d > 4 d7 d
Equation (11.17) is known as Dupuit’s equation. In this equation L=L, + L, + Ly and d,, d, and d,
are known. Hence the equivalent size of the pipe, i.e., value of d can be obtained. 32
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| Problem 11.31  Three pipes of lengths 800 m, 500 m and 400 m and of diameters 500 mm, 400 mm

and 300 mm respectively are connected in series. These pipes are 1o be replaced by a single pipe of
length 1700 m. Find the diameter of the single pipe.
Solution. Given :

Length of pipe 1, L, = 800 m and dia.,d, = 500 mm = 0.5 m
Length of pipe 2, L, =500 m and dia., d, = 400 mm = 0.4 m
Length of pipe 3, Ly =400 m and dia., d3 =300 mm = 0.3 m
Length of single pipe, L=1700m
Let the diameter of equivalent single pipe = d

: . L L L, L,
Applying equation (11.17), Frd d,s + d; + df

1700 _ 800 | 500 . 400 _ 55600 + 48828.125 + 164609 = 239037

or — +
d’ 5 4 03°
d’ = 1799 =.007118

239037

d = (.007188)"? = 0.3718 = 371.8 mm. Ans.
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» 11.9 FLOW THROUGH PARALLEL PIPES

Consider a main pipe which divides into two or more branches as shown in Fig. 11.17 and again join
together downstream to form a single pipe, then the branch pipes are said to be connected in parallel.

The discharge through the main is increased by connecting pipes in parallel.

BRANCH PIPE 2
Lids Vs

Ly.dq .V

BRANCH PIPE 1

Fig. 11.17

The rate of flow in the main pipe is equal to the sum of rate of flow through branch pipes. Hence
from Fig. 11.17, we have

0=0,+ Q> .(11.18)

In this, arrangement, the loss of head for each branch pipe is same.
.. Loss of head for branch pipe 1 = Loss of head for branch pipe 2

AfLV] _ AfHLYY L19)
d, x2g d, X2g

LV _ LV
d x2g d,x2g

fi=/> then +.(11.20)
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| Problem 11.32 A main pipe divides into two parallel pipes which again forms one pipe as shown in

Fig. 11.17. The length and diameter for the first parallel pipe are 2000 m and 1.0 m respectively, while
the length and diameter of 2nd parallel pipe are 2000 m and 0.8 m. Find the rate of flow in each

parallel pipe, if total flow in the main is 3.0 m’/s. The co-efficient of friction for each parallel pipe is
same and equal to .005.

Length of pipe 1, L, =2000m
Using equation (11.19), we have Dia. of pipe 1, dl =1.0m
4f,LV: _ 4f,L,V; Length of pipe 2, L, =2000m
d, x2g d,x2g Dia. of pipe 2, d2-08m
Total flow, 3.0 m’/s
4 %.005%2000 x V, _ 4x.005 x 2000 x V, jg =f,=f= 005
1.0x2 x9.81 0.8 2 x 981 Loga e "
Let Q, = discharge in pipe 1
or Ww._v% o, V2= Vi | Q, = discharge in pipe 2
10 08 08 From equation (11.18), 0=0,+0,=3.0
V. V.
V, = —2—=—2 (i
‘T 08 894 W
Tt 2 K 2 V2 |: V-_, ]
Now =—d" X Vi=—(1)"X— V=
Q=g W= g ' 894
and 0y= S dlixVy= = (8 x Vo= = x .64 x V,
4 4 4 Substituting this value in equation (ii),
Substituting the value of Q, and Q, in equation (i), we get v 217
A A Vi=—2=—"—=2427Tm/s
gt x .64 V,=3.0 or 0.8785 V, + 0.5026 V, = 3.0 894 10894
40808 " 4 . -
Ab Hence 0y=— d?xV, = 7 X 17 X 2.427 = 1.906 m’/s. Ans.
or V,[.8785 + .5026] = 3.0 or V= —— =2.17 m/s.

1.3811 0,= Q- Q, = 3.0 - 1.906 = 1.094 m’/s. Ans.



Problem 11.33 A pipe line of 0.6 m diameter is 1.5 km long. To increase the discharge, another line
of the same diameter is introduced parallel to the first in the second half of the length. Neglecting

minor losses, find the increase in discharge if 4f = 0.04. The head at inlet is 300 mm.

ADITYA ENGINEERING COLLEGE (A)

Dia. of pipe line, D=0.6m 1st Case. Discharge for a single pipe of length 1500 m and dia. = 0.6 m.
Length of pipe line, L=15km=15x1000= 1500 m 4v™
4f=0.04 or f= .01 This head lost due to friction in single pipe is i, = o
Head at inlet, =300 mm=03m . . _ R
Head at outlet, = atmospheric head = 0 whereV = velogity ot How for ingle pipe
~. Head loss, hf =03 m 4%.01x%1500 % V*2
5 or 03=
Length of another paraliel pipe, L, = 2220 = 750 m Do%28
? 03x0.6x2x9.81
Dia. of another parallel pipe, d, = 0.6 m VE= |———— — =(.2426 m/s
4 x.01x1500

Fig. 11.18 shows the arrangement of pipe system.

- -_-__0.3m aABODn L,=750m.d, =0.6m the last half length of the pipe.
’W_ Q —» B —"Q, (&~ Let Q, = discharge in Ist parallel pipe
| D=0.6m \\ Q, = discharge in 2nd parallel pipe
Q, D Q=0+ 0,

L,=750m,d,~0.6m where Q = discharge in main pipe when pipes are parallel.

But as the length and diameters of each parallel pipe is same

0,=0,=072
Conslder the flow through pipe ABC or ABD
Head loss through ABC = Head lost through AB + head lost through BC
But head lost due to friction through ABC = 0.3 m given

FM & HM Dr. Pritam Kumar Das

Discharge, Q* = V* x Area = (.2426 X % (.6)> = 0.0685 m?/s

()

2nd Case. When an additional pipe of length 750 m and diameter (0.6 m is connected in parallel with

..(if)

36
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But head lost due to friction through ABC = 0.3 m given

4x fx750 x V*

Head loss due to friction through AB = , where V = velocity of flow through AB

0.6 x2x98I1
Q Q _ 40

Area 1‘_(06)2 ntX.36
4

Head loss due to friction through AB

2
06><2 ><981 n %X.36
Head loss due to friction through BC
_ AR X LRV
d, xX2g
_4x 01x750 Q “V_Distance_ Q
2 < e 2
T 06x2x981 2x X (6) 6} 2xZx(e)
. 4 N 4 -+ y

_4><.01><7SO>< 16
T 06x2x981  4xn’x.36
Substituting these values in equation (ii), we get
0.3 =31.87 0% + 7.969 Q° = 39.839 Q*

3
Q= 03 0.0867 m¥s

39.839
Increase in discharge = Q — Q* = 0.0867 — 0.0685 = 0.0182 m*/s. Ans. 37

Q% =7.969 O*
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Boundary Layer Theory

» Introduction, Momentum Integral equation,
» Displacement, Momentum and energy thickness

» Introduction to Aerodynamic forces like Drag and LIift.
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Introduction:

> In physics and fluid mechanics, a boundary layer is the layer of fluid in  —
the immediate vicinity of a bounding surface where the effects of ——
viscosity are significant. —
» BTL, When a real fluid flows over a solid body, the velocity of fluid at —
the boundary will be zero. If boundary is stationary. As we move away —
from boundary in perpendicular direction velocity increases to the free
stream velocity.

When a real fluid flows past a solid body or a solid wall, the fluid particles adhere to the boundary
and condition of no slip occurs. This means that the velocity of fluid close to the boundary will be same
as that of the boundary. If the boundary is stationary, the velocity of fluid at the boundary will be zero.
Farther away from the boundary, the velocity will be higher and as a result of this variation of velocity,

' . du : ; e ; :
the velocity gradient e will exist. The velocity of fluid increases from zero velocity on the stationary
Y

boundary to free-stream velocity (U) of the fluid in the direction normal to the boundary. This variation
of velocity from zero to free-stream velocity in the direction normal to the boundary takes place in a
narrow region in the vicinity of solid boundary. This narrow region of the fluid is called boundary
layer. The theory dealing with boundary layer flows is called boundary layer theory.

According to boundary layer theory, the flow of fluid in the neighbourhood of the solid boundary
may be divided into two regions as shown in Fig. 13.1.

FM & HM Dr. Pritam Kumar Das
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%Y BOUNDARY
— / LAYER
Prom——— //

"\, SOLID BODY

Fig. 13.1 Flow over solid body.
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AnITvA ErenicFRING COLLEGE (A)
1. A very thin layer of the fluid, called the boundary layer, in the immediate neighbourhood of the

1d boundary, where the variation of velocity from zero at the solid boundary to free-stream velocity

du
in the direction normal to the boundary takes place. In this region, the velocity gradient — exists and

hence the fluid exerts a shear stress on the wall in the direction of motion. The value of shear stress 1s
given by
r=p 2L
dy
2. The remaining fluid, which is outside the boundary layer. The velocity outside the boundary layer
is constant and equal to free-stream velocity. As there is no variation of velocity in this region, the

; . du : ;
velocity gradient — becomes zero. As a result of this the shear stress is zero.

dy
TURBULENT BOUNDARY
LAYER
LAMINAR BOUNDARY
o LAYER G
_— \ | e
— < LAMINAR
/SUBLAYER
R
R
—_—
LEADING \
EDGE LAMINAR \ TURBULENT
ZONE \ ZONE
TRANSITION
ZONE

Fig.13.2 Flow over a plate. 40
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13.2.1 Laminar Boundary Layer. For defining the boundary layer (i.e., laminar boundary

N\ -’%
¥ u ‘I
FADIMTYA layer or turbulent boundary layer) consider the flow of a fluid, having free-stream velocity (U), over

ENLIOHTENS THE NESCIENCE Y

a smooth thin plate which is flat and placed parallel to the direction for free stream of fluid as shown
in Fig. 13.2. Let us consider the flow with zero pressure gradient on one side of the plate, which is
stationary.

The velocity of fluid on the surface of the plate should be equal to the velocity of the plate. But plate
is stationary and hence velocity of fluid on the surface of the plate is zero. But at a distance away from
the plate, the fluid is having certain velocity. Thus a velocity gradient is set up in the fluid near the
surface of the plate. This velocity gradient develops shear resistance, which retards the fluid. Thus the
fluid with a uniform free stream velocity (U/) is retarded in the vicinity of the solid surface of the plate
and the boundary layer region begins at the sharp leading edge. At subsequent points downstream the
leading edge, the boundary layer region increases because the retarded fluid is further retarded. This is
also referred as the growth of boundary layer. Near the leading edge of the surface of the plate, where
the thickness is small, the flow in the boundary layer is laminar though the main flow is turbulent. This
layer of the fluid is said to be laminar boundary layer. This is shown by AE in Fig. 13.2. The length of
the plate from the leading edge, upto which laminar boundary layer exists, is called laminar zone. This
is shown by distance AB. The distance of B from leading edge is obtained from Reynold number equal
to 5 x 10” for a plate. Because upto this Reynold number the boundary layer is laminar. The Reynold

number is given by (R.), = 2

where  x = Distance from leading edge,
U = Free-stream velocity of fluid,

v = Kinematic viscosity of fluid.
FM & HM Dr. Pritam Kumar Das 41



ADITYA ENGINEERING COLLEGE (A)
L(13.1)

UXx

Hence for laminar boundary layer, we have 5 x 10° = 5

A8
S ABINTYAY
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If the values of U and v are known, x or the distance from the leading edge upto which laminar
boundary layer exists can be calculated.

13.2.2 Turbulent Boundary Layer. If the length of the plate is more than the distance x,
calculated from equation (13.1), the thickness of boundary layer will go on increasing in the down-
stream direction. Then the laminar boundary layer becomes unstable and motion of fluid within it, is
disturbed and irregular which leads to a transition from laminar to turbulent boundary layer. This short
length over which the boundary layer flow changes from laminar to turbulent is called transition zone.
This is shown by distance BC in Fig. 13.2. Further downstream the transition zone, the boundary layer
is turbulent and continues to grow in thickness. This layer of boundary is called turbulent boundary
layer, which is shown by the portion FG in Fig. 13.2.

13.2.3 Laminar Sub-layer. This is the region in the turbulent boundary layer zone, adjacent to
the solid surface of the plate as shown in Fig. 13.2. In this zone, the velocity variation is influenced
only by viscous effects. Though the velocity distribution would be a parabolic curve in the laminar
sub-layer zone, but in view of the very small thickness we can reasonably assume that velocity
variation is linear and so the velocity gradient can be considered constant. Therefore, the shear stress in
the laminar sub-layer would be constant and equal to the boundary shear stress T,. Thus the shear stress
in the sub-layer is

. o Ju u
Tp=U [—) =l — { For linear variation, 8— =— }
y=0 L
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NN T ‘ .
P ADITYAY 13.2.4 Boundary Layer Thickness (8). It is defined as the distance from the boundary of the

ENLIOHTENS THE NESCIENCE Y

solid body measured in the y-direction to the point, where the velocity of the fluid is approximately
equal to 0.99 times the free stream velocity (U) of the fluid. It is denoted by the symbol d. For laminar
and turbulent zone it is denoted as :

I. &, = Thickness of laminar boundary layer,

2. 9,,, = Thickness of turbulent boundary layer, and

3. & = Thickness of laminar sub-layer.

13.2.5 Displacement Thickness (6*). Itis defined as the distance, measured perpendicular to the
boundary of the solid body, by which the boundary should be displaced to compensate for the reduction in
flow rate on account of boundary layer formation. It is denoted by 8*. It is also defined as :

“The distance perpendicular to the boundary, by which the free-stream is displaced due to the
formation of boundary layer”.

Expression for &%,

BOUNDARY
LAYER

VELOCITY
DISTRIBUTION

B

le—x —— PLATE

@

Fig. 13.3 Displacement thickness.
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Consider the flow of a fluid having free-stream velocity equal to U over a thin smooth plate as

shown in Fig. 13.3. At a distance x from the leading edge consider a section 1-1. The velocity of fluid

at B is zero and at C, which lies on the boundary layer, is U. Thus velocity varies from zero at Bto U
at C, where BC is equal to the thickness of boundary layer i.e.,
Distance BC = &
At the section 1-1, consider an elemental strip.
Let y = distance of elemental strip from the plate,
dy = thickness of the elemental strip,
u = velocity of fluid at the elemental strip,
b = width of plate.
Then area of elemental strip, dA = b X dy
Mass of fluid per second flowing through elemental strip
= p X Velocity X Area of elemental strip
=puXdA=puxbxdy ()
If there had been no plate, then the fluid would have been flowing with a constant velocity equal to
free-stream velocity (U) at the section 1-1. Then mass of fluid per second flowing through elemental
strip would have been
= p X Velocity X Area=p X U X b x dy (1)
As U is more than u, hence due to the presence of the plate and consequently due to the formation of
the boundary layer, there will be a reduction in mass flowing per second through the elemental strip.
This reduction in mass/sec flowing through elemental strip
= mass/sec given by equation (ii) — mass/sec given by equation (i)
= pUbdy - pubdy = pb(U - u)dy
Total reduction in mass of fluid/s flowing through BC due to plate

—J‘B b(U — u)dy = pb JS(U—u)d (iii)
=] y=pb | y

{if fluid is incompressible } a4



Let the plate is displaced by a distance 8* and velocity of flow for the distance 8* is equal to the ADITYA ENGINEERING COLLEGE (A)
free-stream velocity (i.e., U). Loss of the mass of the fluid/sec flowing through the distance 6*
= p X Velocity X Area

=pxUxd*xb {- Area = 0* x b} ...(iv)
Equating equation (i) and (iv), we get

3
pr(U—u)dy:pxeS"‘b
0
Cancelling pb from both sides, we have

I:(U - u)dy = U x &*

1 ¢8 8 (U —u)d .+ U is constant and can
or 5*=—j (U—u)dy=jw . \
UJo 0 U be taken inside the integral
3 u
o* = 1-—|dy. (132
J ( U) v (132

13.2.6 Momentum Thickness (0). Momentum thickness is defined as the distance,
measured perpendicular to the boundary of the solid body, by which the boundary should be displaced
to compensate for the reduction in momentum of the flowing fluid on account of boundary layer
formation. It is denoted by 6.

Consider the flow over a plate as shown in Fig. 13.3. Consider the section 1-1 at a distance x from
leading edge. Take an elemental strip at a distance y from the plate having thickness (dy). The mass of
fluid flowing per second through this elemental strip is given by equation (i) and is equal to pubdy.

Momentum of this fluid = Mass x Velocity = (pubdy)u

Momentum of this fluid in the absence of boundary layer = (pubdy)U

Loss of momentum through elemental strip = (pubdy)U - (pubdy) X u = pbu(U ~ u)dy

Total loss of momentum/sec through BC = rpbu(U — u)dy .(13.3)
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Let 6 = distance by which plate is displaced when the fluid is flowing with a constant velocity U

£\ ,.»'é
FADIITYAY | | . | |
~ Loss of momentum/sec of fluid flowing through distance 6 with a velocity U

ENLIOHTENE THE NESCIENCE

= Mass of fluid through 0 X velocity

= (p X area X velocity) X velocity

=[pxOxbxU]lxU { Area= 08 x b}

= pBbU? (13.4)
Equating equations (13.4) and (13.3), we have

3
p()bU2 = j pbu(U — u)dy = pb r u(U — u)dy {If fluid is assumed incompressible }
0 0

or oU” = rll(U — u)dy {cancelling pb from both sides}
8 d
or 0= —I u(U - u)dy = j i u) Y
S u u
0=| —|1-—|dy. (13.5
I U[ U] Y (13.5)

13.2.7 Energy Thickness (8**). It is defined as the distance measured perpendicular to the
boundary of the solid body, by which the boundary should be displaced to compensate for the reduction
in kinetic energy of the flowing fluid on account of boundary layer formation. It is denoted by 8**,

Consider the flow over the plate as shown in Fig. 13.3 having section 1-1 at a distance x from
leading edge. The mass of fluid flowing per second through the elemental strip of thickness ‘dy’at a
distance y from the plate as given by equation (i) = pubdy
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Kinetic energy of this fluid = — m x velocity” = —;— (pubdy) u* ADITYA ENGINEERING COLLEGE (A)

1
2
Kinetic energy of this fluid in the absence of boundary layer

= 2 (ubdy)U?

Loss of K.E. through elemental strip

e (pubdy)U2 - % (pubdy) W= % pub [U? - u?] dy

e
Total loss of K.E. of fluid passing through BC

21 1 . 1 9
-sz pub [U —u]dy—zpru(U —u”)dy

{If fluid is considered incompressible }
Let 8** = distance by which the plate is displaced to compensate for the reduction in K.E.
Loss of K.E. through 8** of fluid flowing with velocity U

1 R : Sos
= > (mass) x velocity” = 5— (p x area X velocity) x velocity
=%(p><b><8"""><U)U2 {:> Area=b x d**})

1 3
= — pbd**U
) P
Equating the two losses of K.E., we get

L pbd** 1 = lpbr u (U? = u®) dy
2 2 %

or OF* = %J‘: u (U* - u®) dy

- 5%* = ri‘_[l_ “2] dy. ..(13.6)
FM & HM 4 v -




Problem 13.1 Find the displacement thickness, the momentum thickness and energy thickness for

the velocity distribution in the boundary layer given by 7 = %-, where u is the velocity at a distance y

from the plate and u = U at y = d, where & = boundary layer thickness. Also calculate the value of */9.
y

& =
v o
(7) Displacement thickness 8* is given by equation (13.2),

o= [ (3oL (-3 e

Velocity distribution

3 18
= I:y - y_] {3 is constant across a section }
26 o
2
=5-2-=5-2=2. Ans
20 2 2

(7if) Momentum thickness, 6 is given by equation (13.5),

- [3l-2)

u

Substituting the value of =
U 8

A

'YA ENGINEERING COLLEGE (A)
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| (iii) Energy thickness 8** is given by equation (13.6), as

S u u’ 8yl ¥ { u y}
¥ Ay — dv = = e | =
6 L>z/[l (,z] =], 5[} 57 |“ T

-[; y Pyfr 2] 8 8
“h|578 | |28 a5 | 26 4o

0

§ & 26-8 O
=2_2-22"0=2 Ans
2 4 4 4 OUTER EDGE OF
5 BOUNDARY LAYER
5% _) B & BOUNDARY LAYER
(iv) —=L=—x—=3.Ans &
0 (ﬁ) 2 93 :: U D_—
8 — dy £
—% v}
- / B
x| fe—hx ———
(a) (b)
DRAG FORCE ON A FLAT PLATE DUE TO BOUNDARY LAYER
Fig. 13.4 Drag force on a plate due to boundary layer.

Consider the flow of a fluid having free-stream velocity equal to U, over a thin plate as shown in
Fig. 13.4. The drag force on the plate can be determined if the velocity profile near the plate is
known. Consider a small length Ax of the plate at a distance of x from the leading edge as shown in
Fig. 13.4 (a). The enlarged view of the small length of the plate is shown in Fig. 13.4 (b).
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dy

The shear stress T, is given by 7, = (ﬂ) , where (ﬂ] is the velocity distribution near the
y=0 y=0

plate at y = 0.
Then drag force or shear force on a small distance Ax is given by
AF [, = shear stress X area
=Ty XAxXb ..(13.7) {Taking width of plate = b}
where AF;, = drag force on distance Ax
The drag force AF;, must also be equal to the rate of change of momentum over the distance Ax.
Consider the flow over the small distance Ax. Let ABCD is the control volume of the fluid over the
distance Ax as shown in Fig. 13.4 (b). The edge DC represents the outer edge of the boundary layer.
Let u = velocity at any point within the boundary layer
b = width of plate
Then mass rate of flow entering through the side AD

8
= I p X velocity X area of strip of thickness dy
0

8
=IO pXuxbxdy {- Area of strip = b X dy}

= J: pubdy
Mass rate of flow leaving the side BC

= mass through AD +ai (mass through AD) X Ax
X

5 oed [ (8
= Io pubdy . [Io (pubdy )] X Ax .



From continuity equation for a steady incompressible fluid flow, we have
Mass rate of flow entering AD + mass rate of flow entering DC
= mass rate of flow leaving BC
Mass rate of flow entering DC = mass rate of flow through BC — mass rate of flow through AD

5 8“5 bd} J~6
-jo pubdy+ P Opu V| X Ax - opubdy

- % [ _[:pubdy] X Ax

The fluid is entering through side DC with a uniform velocity U.
Now let us calculate momentum flux through control volume.
Momentum flux entering through AD

= r’ momentum flux through strip of thickness dy
0

3
- r mass through strip X velocity = r (pubdy) X u = J- puzbdy
0 0 0

6 2
Momentum flux leaving the side BC = I pu’bdy + Bi [rpu‘bdy] X Ax
0 X | Y0

Momentum flux entering the side DC = mass rate through DC x velocity
-9
dx

08
% _aa_ .L puUbdy:I X Ax
x -

As U is constant and so it can be taken inside the differential and integral.
Rate of change of momentum of the control volume
= Momentum flux through BC — Momentum flux through AD
— momentum flux through DC

- #8
Jo pubdy] X Axx U (-0 Velocity = U}

ADITYA ENGINEERING COLLEGE (A)

51



ADITYA ENGINEERING COLLEGE (A)

rzbd 9 | (%l iens - ot 2| Pown
= J..pH y+a—x[.opu .V]X *-J'OP“ )-a—xUOP“ )’]Xm

ST e J [¢d
= — b - b
e -J'O pu dy_ X Ax . [ " pul dy] X Ax
¢ 8
= — bdy - bdy
3% Lo pu“bdy L pull d}] X Ax
- 3
= Bi i (pu’b - puUb)dy] X Ax
X L*
y 5
= % pb Jo (u“ —uU)dyJ X Ax
{For incompressible fluid p is constant}
5
= pb a%[jo (142 —uU)dy] X Ax ...(13.8)

Now the rate of change of momentum on the control volume ABCD must be equal to the total force
on the control volume in the same direction according to the momentum principle. But for a flat plate

ap _
ox
side DC is negligible as the velocity is constant and velocity gradient is zero approximately. The only
external force acting on the control volume is the shear force acting on the side AB in the direction
from B to A as shown in Fig. 13.4 (b). The value of this force is given by equation (13.7) as
AF =T, X AxX b
Total external force in the direction of rate of change of momentum
==TyXAx X b ...(13.9)

According to momentum principle, the two values given by equations (13.9) and (13.8) should be
the same.

(), which means there is no external pressure force on the control volume. Also the force on the

FN



- ToXAx X b=pb i[
dx

js (? —uU)dy] X Ax

0

Cancelling Ax x b, to both sides, we have

J-: (u2 - uU)dy}

d

0
'To=Pa—x[

Ta J J'ﬁu[ u]
- a— ] - — d» ads 1310
or pU* 8x[0 vl "ul? e

é
In equation (13.10), the expression I %[l - %] dyis equal to momentum thickness 6. Hence
0

equation (13.10) is also written as

—fptun =g_x (131D

Equation (13.11) is known as Von Karman momentum integral equation for boundary layer
flows.

This is applied to :

1. Laminar boundary layers,

2. Transition boundary layers, and
3. Turbulent boundary layer flows.

ITYA ENGINEERING COLLEGE (A)
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For a given velocity profile in laminar zone, transition zone or turbulent zone of a boundary layer,
the shear stress T, is obtained from equation (13.10) or (13.11). Then drag force on a small distance Ax

of the plate is obtained from equation (13.7) as
AFp=1y X Ax x b

Then total drag on the plate of length L on one side is

L
Fp= j AFp = jo T, X bXdx {change Ax = dx). (13.12)

13.3.1 Local Co-efficient of Drag [Cp*]. Itis defined as the ratio of the shear stress T, to the

quantity % pU?. It is denoted by C,*

ADITYA ENGINEERING COLLEGE (A)

It is defined as the ratio of the total drag force to

T
Hence Cp* = 1 2 = 13.3.2 Average Co-efficient of Drag [C}].
2 the quantity ! PAUZ. It is also called co-efficient of drag and is denoted by C),.
Fp
Hence Cp= 1 ..(13.14)
EpAUz

where A = Area of the surface (or plate)
U = Free-stream velocity
p = Mass density of fluid.

13.3.3 Boundary Conditions for the Velocity Profiles.

The followings are the boundary

conditions which must be satisfied by any velocity profile, whether it is in laminar boundary layer

zone, or in turbulent boundary layer zone :

1. Aty=0,u=0and £:;i has some finite value
)\
2. Aty=0,u=

FM & HM 3. An-Sﬂ-O
dy
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Table 13.1 shows the values of boundary layer thickness and co-efficients of drag in terms of
Reynold number for various velocity distributions

Table 13.1
Velocity Distribution ) Cp
u o (2Y_(2)

1. == 548 v/ 1.46/

7 =2(3)-(3 . 2
u 3(y\ 1 y)’

2 — === |=-=|= 4.64 x/ (R 1.292/ R
U 2(5) 2(8 Vs *L
it v AN AR

3. — =2{= =2 =| +[= 584 v/ 1.36/

u [s (s) (a) £, R,
W, (my
4. U = Sin (3 g) 4.79 x1 R, 1317 JR,,
¥, Blasius’s Solution 491 X/ (R, 1.328/ /R,

FM & HM
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Problem 13.9 Air is flowing over a smooth plate with a velocity of 10 m/s. The length of the plate is NGINEERING COLLEGE (A)
| 1.2 m and width 0.8 m. If laminar boundary layer exists up to a value of R, = 2 x 1 0, find the maximum

distance from the leading edge upto which laminar boundary layer exists. Find the maximum thickness

of laminar boundary layer if the velocity profile is given by

7=2(3)-3)
U ) 0 Velocity of air, U =10 m/s
Take kinematic viscosity for air = 0.15 stokes. Length of plate, L=12m
Width of plate, b=08m

Reynold number upto which laminar boundary exists = 2 x 10°
v for air = 0.15 stokes = 0.15 x 10 m?/s

Reynold number R = pUx _ _(.ﬁ
X p v
If Re = D5 105, then x denotes the distance from leading edge upto which laminar boundary layer
exists
2% 105 = 10 X x -
0.15x%x10

_2x10° x015%x107*
10

= (0.30 m = 300 mm. Ans.

Maximum thickness of the laminar boundary for the velocity proﬁle, U =2 (g) (%) is given by

equation (13.17) as
- 2OORE . SAERDN, o 0.00367 5 3067 i A,

JE JleO5 °°
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Problem 13.11 A thin plate is moving in still atmospheric air at a velocity of 5 m/s. The length of

| the plate is 0.6 m and width 0.5 m. Calculate (i) the thickness of the boundary laver at the end of the
plate, and (ii) drag force on one side of the plate. Take density of air as 1.24 kg/m’ and kinematic
viscosity 0.15 stokes.

Velocity of plate, U=5m/s

Length of plate, L=0.6m

Width of plate, b=05m

Density of air, p = 1.24 kg/m>

Kinematic viscosity, v = 0.15 stokes = 0.15 x 10* m?/s
Reynold number, R, = LTS = 200000.

T v 015x107*

As R, is less than 5 X 10°, hence boundary layer is laminar over the entire length of the plate.
(1) Thickness of boundary layer at the end of the plate by Blasius’s solution is

5 = 491x 491L 491x0.6
[ R., /Rc. V200000

(if) Drag force on one side of the plate is given by equation (13.14) as

= .00658 m = 6.58 mm. Ans.

CD=_—1 FD
—pAU?
ZP
I 2
FD-EPAU XCD -



1328 _ 1.328 = 0.002969 = .00297 VEERING COLLEGE (A)
JR.,  ~200000

where Cj, from Blasius’s solution, Cp, =

Fps= % X 124X06X05% 5% 002970 (= A=Lxb=0.6x0.5)

= 0.01373 N. Ans.
Note. If no velocity profile is given in the numerical problem but boundary layer is laminar, then Blasius’s
solution is used.

13.6 TOTAL DRAG ON A FLAT PLATE DUE TO LAMINAR AND

TURBULENT BOUNDARY LAYER
Consider the flow over a flat plate as shown in Fig. 13.5.

TURBULENT
BOUNDARY
LAMINAR BOUNDARY LAYER
LAYER =

_— /
) |

- TRANSITION
e

>

e S X

Fig. 13.5 Drag due to laminar and turbulent boundary layer.
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Let L = Total length of the plate, b = Width of plate,

A8
S ABINTYAY
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A = Length of laminar boundary layer

If the length of transition region is assumed negligible, then

L — A = Length of turbulent boundary layer.

We have obtained the drag on a flat plate for the laminar as well as turbulent boundary layer on the
assumption that turbulent boundary layer starts from the leading edge. This assumption is valid only
when the length of laminar boundary layer is negligible. But if the length of laminar boundary layer is
not negligible, then the total drag on the plate due to laminar and turbulent boundary layer is calculated
as :

(1) Find the length from the leading edge upto which laminar boundary layer exists. This is done

by equating 5 X 10° = ﬂ The value of x gives the length of laminar boundary layer. Let this length is
\Y

equal to A.
(2) Find drag using Blasius solution for laminar boundary layer for length A.
(3) Find drag due to turbulent boundary layer for the whole length of the plate.
(4) Find the drag due to turbulent boundary layer for a length A only
Then total drag on the plate
= Drag given by (2) + Drag given by (3) — Drag given by (4)
= Drag due to laminar boundary layer for length A
+ Drag due to turbulent boundary layer for length L
— Drag due to turbulent boundary layer for length A. ..(13.45)

1 N\JIIgl wvao
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Problem 13.14 (S.1. Units). Determine the thickness of the boundary layer at the trailing edge of
smooth plate of length 4 m and of width 1.5 m, when the plate is moving with a velocity of 4 m/s in
stationary air. Take kinematic viscosity of air as 1.5 x 1 07> m*/s.

Solution. Given :

Length of plate, L=4m

Width of plate, b=15m

Velocity of plate, U=4 m/s
Kinematic viscosity, v=1.5x%x 10" m%s

Reynold number, R = MXL, 40XA0 o6 10°

€L v 15x10°

As the Reynold number is more than 5 X 10° and hence the boundary layer at the trailing edge is
turbulent.

The boundary layer thickness for turbulent boundary layer is given by equation (13.44) as

3
o= 2 7;:5 |Here x=Land R, =R,
(R.,) |
37 x 4.
= —037X39 ___ 00921 m=92.1 mm. Ans.
(10.66 x 10°)
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% When a fluid is flowing over a stationary body, a force is exerted by the fluid on the body. ENGINEERING COLLEGE (A)
‘Q D.U.I u '% Similarly, when a body is moving in a stationary fluid, a force is exerted by the fluid on the body.
Semmenem=mw | Also when the body and fluid both are moving at different velocities, a force is exerted by the fluid

on the body. Some of the examples of the fluids flowing over stationary bodies or bodies moving in
a stationary fluid are :

1. Flow of air over buildings,
2. Flow of water over bridges,
3. Submarines, ships, airplanes and automobiles moving through water or air.

» 14.2 FORCE EXERTED BY A FLOWING FLUID ON A STATIONARY BODY

Consider a body held stationary in a real fluid, which is flowing at a uniform velocity U as shown in
Fig. 14.1.

MU

STATIONARY
BODY

Fig. 14.1 Force on a stationary body.

The fluid will exert a force on the stationary body. The total force (F) exerted by the fluid on the
body is perpendicular to the surface of the body. Thus the total force is inclined to the direction of
motion. The total force can be resolved in two components, one in the direction of motion and other

perpendicular to the direction of motion. 61



% |14.2.1 Drag. The component of the total force (F) in the direction of motion is called ‘drag’. RING COLLEGE (A)
% This component is denoted by F,. Thus drag is the force exerted by the fluid in the direction of motion.

14.2.2 Lift. The component of the total force (Fj) in the direction perpendicular to the direction
of motion is known as ‘lift’. This is denoted by F;. Thus lift is the force exerted by the fluid in the
direction perpendicular to the direction of motion. Lift force occurs only when the axis of the body is
inclined to the direction of fluid flow. If the axis of the body is parallel to the direction of fluid flow, lift
force is zero. In that case only drag force acts.

If the fluid is assumed ideal and the body is symmetrical such as a sphere or cylinder, both the drag
and lift will be zero.

» Lift is defined as the component of the
» 14.3 EXPRESSION FOR DRAG AND LIFT

aerodynamic force that is perpendicular to

Consider an arbitrary shaped solid body placed in a real fluid, which is flowing with a uniform the flow direction, and drag is the
velocity U in a horizontal direction as shown in Fig. 14.2. Consider a small elemental area dA on the component that is parallel to the flow
surface of the body. The forces acting on the surface area dA are : direction.

IDrag

Tp-dA i

)
X

dA

Z STATIONARY Thrust

SOLID BODY

L

Drag is a mechanical force
generated by a solid
object movingthrough

Fig. 14.2 Drag and lift. a fluid.
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1. Pressure force equal to p X dA, acting perpendicular to the surface and
2. Shear force equal to T, X dA, acting along the tangential direction to the surface.
Let 6 = Angle made by pressure force with horizontal direction.
(a) Drag Force (F ). The drag force on elemental area
= Force due to pressure in the direction of fluid motion
+ Force due to shear stress in the direction of fluid motion.
= pdA cos 0 + T,dA cos (90° — 8) = pdA cos 6 + T,dA sin 6
Total drag, F, = Summation of pdA cos 8 + Summation of 7,dA sin 6
= | p cos 8dA + | 1, sin OdA. (14.1)

The term | p cos 8dA is called the pressure drag or form drag while the term | T, sin BdA is called the
friction drag or skin drag or shear drag.

(b) Lift Force (F;). The lift force on elemental area

= Force due to pressure in the direction perpendicular to the direction of motion
+ Force due to shear stress in the direction perpendicular to the direction of motion.
= — pdA sin 0 + TydA sin (90° - 8) = - pdA sin 0 + T,dA cos 6
Negative sign is taken with pressure force as it is acting in the downward direction while shear force
is acting vertically up.
Total lift, F, =] 1y dA cos 8 -] pdA sin ©
= | 15 cos 8dA - [ p sin 8dA ..(14.2)

The drag and lift for a body moving in a fluid of density p, at a uniform velocity U are calculated
mathematically, as

FD= CDA E'[—zj— (14.3)
F,=C,A % .(14.4)
FM & HM Dr. Pritam Kumar Das
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where Cp = Co-cfficient of drag,

C, = Co-efficient of lift,

A = Area of the body which is the projected area of the body perpendicular to the direction

of flow
Or
= Largest projected area of the immersed body.
Then resultant force on the body, Fj, = 1}1’3 + FL2 ..(14.5)

The equations (14.3) and (14.4) which give the mathematical expression for drag and lift are derived
by the method of dimensional analysis.

14.3.1 Dimensional Analysis of Drag and Lift. In the chapter of Dimensional and Model
Analysis it is shown in problem 12.6 that the force exerted by a fluid on a supersonic plane is given by :

F = oLl2U? H K :
—'p ¢ pUL.pUZ “‘(l)
Also in problem 12.7, it is shown that the force exerted by a fluid on a partially sub-merged body is
given by :
F=pr2u |- L8 i)
pUL U~

Thus the general expression for the force exerted by a fluid (air or water) on a body (completely
sub-merged or partially sub-merged) is given as

Le K
u o Lg ] 146

 AT212 b
r"’I‘U'i’[puz. Ul pU?
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where L = Length of body, U = Velocity of body,
p = Viscosity of fluid, p = Density of fluid
F = Force exerted, k = Bulk modulus of fluid,
g = Acceleration due to gravity.
If the body is completely sub-merged in the fluid, the force exerted by the fluid on the body due to
gravitational effect is negligible. Hence the non-dimensional term containing ‘g’ in equation (14.6),

ie., Il;g is neglected. If the velocity of the body is comparable with velocity of sound, the effect due to
compressibility is to be considered. But if the ratio of the velocity of the body to the velocity of the
sound is less than (.3, the force exerted by the fluid on the body due to compressibility is negligible.
Hence the non-dimensional term in equation (14.6) containing K can be neglected. Then the force
exerted by fluid on the body is given as

2 2 UL
F = pL*U? i . L2U? pYL
oo ] <o 5

where pUL = Reynolds number = R,

F = pL*U% [R,]. .(14.7)
Now F is the total force exerted by the fluid on the body. The total force is having two components,
one in the direction of motion called drag force and other component in the direction perpendicular to
the direction of motion, called lift force.
The two components of F are expressed as

27,2
Fp= pL2U x Cp
where C, is a function of R, and is called co-efficient of drag
=CpA pg (v L= Area= A}
pL*U*?

where C; is a function of R, and is called co-efficient of lift

pU’
=0 AT,
L 2
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Problem 14.1 A flat plate 1.5 m x 1.5 m moves at 50 km/hour in stationary air of density 1.15 kg/m’. IFENGINEERING COLLEGE (A)
| the co-efficients of drag and lift are 0.15 and 0.75 respectively, determine :
(i) The lift force, (ii) The drag force,

(iii) The resultant force, and
(iv) The power required to keep the plate in motion.

Area of the plate, A=15%x15=225m’
Velocity of the plate, b 50 i 2ot AN e T 0
60 x 60

Density of air p=L1I15 kglm3
Co-efficient of drag, Cp=0.15
Co-efficient of lift, C.=0.75
(#) Lift Force (F ;). Using equation (14.4),

F, =C,AX pzl =10.75:% 2,25 X% L x213.89 N = 187.20 N.
(ii) Drag Force (F;). Using equation (14.3), pU? 115 % 13.80°

Fp=CpXAX =0.15 x2.25 X > N =37.44. N.

(iii) Resultant Force (Fg). Using equation (14.5),

Fo=F2 + F} =/3744% +18720° N

= /1400 + 35025 = 190.85 N. Ans.
(iv) Power Required to keep the Plate in Motion
Force in the direction of motion X Velocity KW
1000
_ FBpxU _ 37.425 x 13.89 K
1000 1000

P

W = 0.519 kW. Ans.




Problem 14.2 Experiments were conducted in a wind tunnel with a wind speed of 50 km/hour on a DITYA ENGINEERING COLLEGE (A)

2% flat plate of size 2 m long and I m wide. The density of air is 1.15 kg/m3. The co-efficients of lift and

Area of plate,
Velocity of air,

Density of air,

Value of

(i) Lift force (F)
Using equation (14.4),

(it) Drag force (Fp)
Using equation (14.3),

(iif) Resultant force (Fg)

Using equation (14.5),

drag are 0.75 and 0.15 respectively. Determine :
(i) the lift force, (ii) the drag force,
(iti) the resultant force,

(v) power exerted by air on the plate.

A=2x1=2m?’
U = 50 km/hr = 336’%39 m/s = 13.89 m/s
p = 1.15 kg/m>

Cp=0.15and C, =0.75

F =CyxAxpxU2
=0.75x 2 x 1.15 % 13.89%/2 = 166.404 N. Ans.

FD=CDXAXPXU2/2
=0.15x2x 1.15 % 13.89%/2 = 33.28 N. Ans.

Fo=+F + F} =33287 +166.404> = 169.67 N

FM & HM

(iv) direction of resultant force and

(iv) The direction of resultant force (0)
The direction of resultant force is given by,

F, 16638 _
F, 33275
0 =tan"' 5 = 78.69°. Ans.

tan 6 =

(v) Power exerted by air on the plate

Power

= Force in the direction of motion X Velocity
=FpxUNm/s=33280x13.839 W
= 462.26 W. Ans.



