ADITYA ENGINEERING COLLEGE (A)

Unit 3
Closed Conduit Flow &
Boundary Layer Theory

by
Dr. Pritam Kumar Das

Professor
Dept of Mechanical Engineering

Aditya Engineering College (A)
Surampalem



ADITYA ENGINEERING COLLEGE (A)

' Lecture Plan

Closed Conduit Flow

» Reynolds number, Reynolds experiment — Darcy Weisbach equation
» Minor losses In pipes,
» Pipes In series and pipes in parallel,

» Total energy line, Hydraulic gradient line
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»The viscosity of a fluid is a measure of its resistance to
deformation at a given rate. For liquids, it corresponds to the
informal concept of "thickness": example, syrup has a higher |

TADITYA

ADITYA ENGINEERING COLLEGE (A)

This chatej deals with the flow of fluids which are viscous and flowing at very low velocity. At

low velocity the fluid moves in layers. Each layer of fluid slides over the adjacent layer. Due to relative

du

P ? 3 du |
velocity between two layers the velocity gradient — exists and hence a shear stress T= |1 — acts on

the layers. ax

The following cases will be considered in this chapter :
1. Flow of viscous fluid through circular pipe.
Flow of viscous fluid between two parallel plates.

2.
3. Kinetic energy correction and momentum correction factors.
4.

Power absorbed in viscous flow through
(a) Journal bearings,

What is viscous fluid flow?

viscosity than water.

» Laminar flow is characterized by smooth or in regular paths of
particles of the fluid. Therefore the laminar flow is also referred
to as streamline or viscous flow. The turbulent fluid does not flow
In parallel layers, the lateral mixing is very high, and there is a
disuptio=nsbetws een the layers.

Why laminar flow is called viscous flow?

dy
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Vilscous flow region

v

Inviscid flow region

'R

Viscous flow region
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(b) Foot-step bearings, and (c) Collar bearings.

- | Jgdaves
= Vo = 'g B I N
Friction betweea layers T L ——
(a) (b)
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(a)Laminar flow occurs in layers without mixing. Viscosity

causes drag between layers as well as with the fixed surface.
(b)An obstruction in the vessel produces turbulence.
Turbulent flow mixes the fluid. There is more interaction,

greater heating, and more resistance than in laminar flow.
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Non,\;iicgus T ADITYA ENGINEERING COLLEGE (A)
Smoke rises smoothly

begins to form swirls
and eddies. The
smooth flow is called
laminar flow, whereas
the swirls and eddies
typify turbulent flow.

m— If you watch the
— s S (a) (b) : .
smoke, you will notice
(a) If fluid flow in a tube has negligible resistance, the speed is the same all across that it rises more
the tube. (b) When a viscous fluid flows through a tube, its speed at the walls is zero, rapidly when flowing
increasing steadily to its maximum at the center of the tube. (c) The shape of the ~ smoothly than after it

Bunsen burner flame is due to the velocity profile across the tube. becomes turbulent.
» 9.2 FLOW OF VISCOUS FLUID THROUGH CIRCULAR PIPE

for a while and then
@ bl |,

]

For the flow of viscous fluid through circular pipe, the velocity distribution across a section, the
ratio of maximum velocity to average velocity, the shear stress distribution and drop of pressure for a
given length is to be determined. The flow through the circular pipe will be viscous or laminar, if the
Reynolds number (R,*) is less than 2000. The expression for Reynold number is given by

N - n ¥ \ s = S ar
R, = pYo R & g7z 7 | R )
N A x'e (A /T i Jp ' a > R
u I ',‘ B CLLLLAG (p+ — AX LU
\J " ~ ' ‘x ‘ e e

where p = Density of fluid flowing through pipe
V = Average velocity of fluid o2
D = Diameter of pipe and
L = Viscosity of fluid.

(@) (b)
1 Viscous flow through a pipe.



. ) ‘ _ ADITYA ENGINEERING COLLEGE (A)
The laminar flow has been discussed in chapter 9. In laminar flow the fluid particles move along

S straight parallel path in layers or laminae, such that the paths of individual fluid particles do not cross

those of neighbouring particles. Laminar flow is possible only at low velocities and when the fluid is
highly viscous. But when the velocity is increased or fluid is less viscous, the fluid particles do not
move in straight paths. The fluid particles move in random manner resulting in general mixing of the
particles. This type of flow is called turbulent flow.

A laminar flow changes to turbulent flow when (i) velocity is increased or (ii) diameter of a pipe is
increased or (iii) the viscosity of fluid is decreased. O. Reynold was first to demonstrate that the

R : : 2 VD
transition from laminar to turbulent depends not only on the mean velocity but on the quantity -p—.

pVvD M

is a dimensionless quantity and is called Reynolds number (R,). In case of circular
H
pipe if R, < 2000 the flow is said to be laminar and if R, > 4000, the flow is said to be turbulent. If

R, lies between 2000 to 4000, the flow changes from laminar to turbulent.

REYNOLDS EXPERIMENT The type of flow is determined from the Reynolds number i.e.,

O. Reynold in 1883. His apparatus is shown in Fig. 10.1,

__~DYE CONTAINER
* _DYE

This quantity

pV xd
Lt

. This was demonstrated by

GLASS \
WATER S El\n;émsm OF
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The apparatus consists of :
(i) A tank containing water at constant head,
(if) A small tank containing some dye,

ADITYA ENGINEERING COLLEGE (A)

(i1i) A glass tube having a bell-mouthed entrance at one end and a regulating value at other ends.
The water from the tank was allowed to flow through the glass tube. The velocity of flow was varied
by the regulating valve. A liquid dye having same specific weight as water was introduced into the

glass tube as shown in Fig. 10.1.
The following observations were made by Reynold :

(/) When the velocity of flow was low, the dye fila-
ment in the glass tube was in the form of a straight line.
This straight line of dye filament was parallel to the
glass tube, which was the case of laminar flow as shown
in Fig. 10.2 (a).

(if) With the increase of velocity of flow, the dye-
filament was no longer a straight-line but it became a
wavy one as shown in Fig. 10.2 (£). This shows that
flow is no longer laminar.

(i7i) With further increase of velocity of flow, the
wavy dye-filament broke-up and finally diffused in
water as shown in Fig. 10.2 (¢). This means that the

DYE
// FILAMENT
(a) Laminar flow WAVY
: DIFFUSED
b) Transi
i anston FILAMENT
e s
(c) Turbulent flow

Fig. 10.2 Different stages of filament.

fluid particles of the dye at this higher velocity are moving in random fashion, which shows the case
of turbulent flow. Thus in case of turbulent flow the mixing of dye-filament and water is intense and

081202 flow is irregular, random and disorderiy. ™ e
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ADITYA ENGINEERING COLLEGE (A)
In case of laminar flow, the loss of pressure head was found to be proportional to the velocity but in
case of turbulent flow, Reynold observed that loss of head is approximately proportional to the square

of velocity. More exactly the loss of head, &, o< V", where n varies from 1.75 to 2.0
FRICTIONAL LOSS IN PIPE FLOW

When a liquid is flowing through a pipe, the velocity of the liquid layer adjacent to the pipe wall is
zero. The velocity of liquid goes on increasing from the wall and thus velocity gradient and hence
shear stresses are produced in the whole liquid due to viscosity. This viscous action causes loss of
energy which is usually known as frictional loss.

On the basis of his experiments, William Froude gave the following laws of fluid fraction for
turbulent flow.

The frictional resistance for turbulent flow is :

(i) proportional to V", where n varies from 1.5 to 2.0,

(1) proportional to the density of fluid,
(i1f) proportional to the area of surface in contact,
(iv) independent of pressure,

(v) dependent on the nature of the surface in contact.

>In fluid flow, friction loss

(or skin friction) is the loss
10.3.1 Expression for Loss of Head Due to Friction in Pipes. Consider a uniform hori- of pressure or “head” that

zontal pipe, having steady flow as shown in Fig. 10.3. Let 1-1 and 2-2 are two sections of pipe. occurs in pipe or duct flow
Let p, = pressure intensity at section 1-1, due to the effect of the
V, = velocity of flow at section 1-1, fluid's viscosity near the

surface of the pipe or duct.
08-11-2022 Dr. Pritam Kumar Das 7



T ————— ADITYA ENGINEERING COLLEGE (A)
d = diameter of pipe,

’ = frictional resistance per unit wetted area per unit velocity,
pe P y
h),-= loss of head due to friction.
p,, V, = are values of pressure intensity and velocity at section 2-2

Applying Bernoulli’s equations between sections 1-1 and 2-2,
Total head at 1-1 = Total head at 2-2 + loss of head due to friction between 1-1 and 2-2

2 2

or —p-'—+—‘ﬁ—+z,= -{)-3-+-‘/-'—2—+z2+hf
Pg 28 pg 28
But 2, = Z, as pipe is horizontal

V, =V, as dia. of pipe is same at 1-1 and 2-2

Py B3y hy or hy= Py P2 ()

PE P& Ps P&

But A, is the head lost due to friction and hence intensity of pressure will be reduced in the direction
of flow by frictional resistance.
Now frictional resistance = frictional resistance per unit wetted area per unit velocity x wetted area
X velocity2
or F,=f"X mdL X V2 [ wetted area = nd X L, velocity = V=V, = V]
=f'XPxLxV [ = md = Perimeter = P) ...(ii)

08-11-2022 Dr. Pritam Kumar Das 8



The forces acting on the fluid between sections 1-1 and 2-2 are : ADITYA ENGINEERING COLLEGE (A)

1. pressure force at section 1-1 = p, X A
where A = Area of pipe

2. pressure force at section 2-2 = p, X A
3. frictional force F| as shown in Fig. 10.3.
Resolving all forces in the horizontal direction, we have

piA-p,A-F =0 -(10.1)
or (P —PIA=F =f XPXLxXV [ - From (ii), F, = f’PLV’]
fxPxLyxV
or P1=P2= A

But from equation (i), p\ — p, = pghy
Equating the value of (p, - p,), we get

f'xPxLxV?
h;=
pPghy A
hy= L P v ..(iid)
pg A
= ;
In equation: (i), ﬁ = etted perimeter 3 nd = i
A Area tg d
4
’ ’ 2
h,:in X L X v2=Lx41;V (i)
L o 4.f LV® _4f.L.V?

f Equation (iv), becomes as hf= ..(10.2)

Putting f—:; where fis known as co-efficient of friction. 2g S d dx2g
(b}

Equation (10.2) is known as Darcy-Weisbach equation. This equation is commonly used for finding

oss of head due to friction in pipes.
Sometimes equation (10.2) is written as

2
po Ll

!
08-11-2022 Dr. Pritam Kumar Das dx2g 9
Then fis known as friction factor.

«(10.24)



10.3.2 Expression for Co-efficient of Friction in Terms of Shear Stress.

The equation (10.1) ITYA ENGINEERING COLLEGE (A)

N | gives the forces acting on a fluid between sections 1-1 and 2-2 of Fig. 10.3 in horizontal direction as

PA-pA-F =0

or (p, — p2)A = F, = force due to shear stress T,
= shear stress X surface arca
=Ty Xmd X L

or (p,—p2)§d2=1:0xndxl,

Cancelling ntd from both sides, we have
d
Py —p2) z=foXL

4t, x L
d

or (p| - Py =

pi-ps _4f.L.V’
pg dx2g

Equation (10.2) can be written as hf=

4f.L.V?
or (p, - = X
1 = P2) % 28 Pg

Equating the value of (p; — p,) in equations (10.3) and (10.4),
41, XxL _4f.L.V?

X
d dx2g Ps
2 2
i v = IV XPR_J¥ X pg
2g 28
2
pv
or T = L e
o=/ 5
21,
08-11-2092 f= 7. Dr. Pritam Kumar Das

..(10.3)

..(10.4)

..(10.5)
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» 11.2 LOSS OF ENERGY IN PIPES ADITYA ENGINEERING COLLEGE (A)

When a fluid is flowing through a pipe, the fluid experiences some resistance due to which some of

the energy of fluid is lost. This loss of energy is classified as :
Energy Losses

|
' f

1. Major Energy Losses 2. Minor Energy Losses

| ' Water flow
This is due to friction and it is This is due to _>
calculated by the following (a) Sudden expansion of pipe :
>
formulae (b) Sudden contraction of pipe C Q 0 @"@@"@ O 0 @ "
(a) Darcy-Weisbach Formula (c) Bend in pipe _ Sty siovieg A
(b) Chezy's Formula (d) Pipe fittings etc. Sigificantly slowed

(6) An obstruction in pipe. . ’ e . Moving stowly . @ .

» 11.3 LOSS OF ENERGY (OR HEAD) DUE TO FRICTION

(a) Darcy-Weisbach Formula. The loss of head (or energy) in pipes due to friction is calculated
from Darcy-Weisbach equation which has been derived in chapter 10 and is given by

_ s FoL Ve
! dx2g
where hf= loss of head due to friction

~(11.1)
[ = co-efficient of friction which is a function of Reynolds number

= -lki for R, < 2000 (viscous flow)
[

= 0079 for R, varying from 4000 to 10°

L = length of pipe,
V = mean velocity of flow,

08-11-2022 Dr. Pritam Kumar Das . k 11
d = diameter of pipe.



(b) Chezy’s Formula for loss of head due to friction in pipes. Refer to chapter 10 article 10.3.1
in which expression for loss of head due to friction in pipes is derived. Equation (i) of article 10.3.1, is

hf=Lx£xLx V2 L(11.2)
pg A
where h, = loss of head due to friction, P = wetted perimeter of pipe,
A = arca of cross-section of pipe, L = length of pipe,
and V = mean velocity of flow.
Area of flow

A
Now the ratio of P (= J is called hydraulic mean depth or hydraulic radius and

Perimeter (wetted)

is denoted by m.

R 2
. g 1* J
. Hydraulic mean depth, m= —=——=—
P mnd 4
g o A P 1
Substituting — =m or —=— in equation (11.2), we get
P A m
¢ h
hf--f—xLxV'x—or V'=hf pg XL=P-§;><mX—"-
pg L L

Ve ’93 f (11.3)

/pg C, where C is a constant known as Chezy’s constant and —[:— = i, where { is loss of head

per unit length of pipe.

’ ,h
Substituting the values of p?f— and —Lj— in equation (11.3), we get

08-11-2022 V=C {_mi Dr. Pritam Kumar Das A11.4)

ADITYA ENGINEERING COLLEGE (A)
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Equation (11.4) is known as Chezy's formula. Thus the loss of head due to friction in pipe from G COLLEGE (A)
Chezy’s formula can be obtained if the velocity of flow through pipe and also the value of C is known.

The value of m for pipe is always equal to d/4.
Problem 11.1 Find the head lost due to friction in a pipe of diameter 300 mm and length 50 m,

through which water is flowing at a velocity of 3 m/s using (i) Darcy formula, (ii) Chezy's formula for
which C = 60.
Take v for water = 0.01 stoke.

Solution. Given :

Dia. of pipe, d =300 mm = 0.30 m
Length of pipe, L=50m (ii) Chezy’s Formula. Using equation (11.4)
Velocity of flow, V=3mls V=0CJmi
Chezy’s constant, C=60 d 030
Kinematic viscosity, v=0.01 stoke = 0.01 cm%/s where C = 60, m = T T =0.075 m
= 0.01 x 10™ m%s.
(/) Darcy Formula is given by equation (11.1) as 3 W ol (_3_)2 y 1 = 0.0333
4. F. LV 60/ .075
h.= f—
! dx2g But by Ky
here *f * = co-efficient of friction is a function of Reynolds number, R, ' L 50
. Vxd 30x0.30 5 h
But R, is given by =5 S 0Ix10- Ix10 Equating the two values of i, we have ;(f)— =.0333
: Valie it fFu 0.079 0079 = 00256 hy= 50 x .0333 = 1.665 m. Ans.

= R - (QXIOS)W

4 x.00256 x 50 x 3*
. Head losto)) he= 03 % 2.0 X981 = 7828 m. APSpritam Kumar Das 13




ADITYA ENGINEERING COLLEGE (A)

Problem 11.2 Find the diameter of a pipe of length 2000 m when the rate of flow of water through
the pipe is 200 litres/s and the head lost due to friction is 4 m. Take the value of C = 50 in Chezy's

formulae.
Length of pipe, L =2000 m
Discharge, Q = 200 litre/s = 0.2 m¥/s
Head lost due to friction, hf= 4m Dischias 0 O T
Value of Chezy’s constant, C = 50 Velocity of flow, V= 80 ot
< 1 Arca Tt dz ndz nd
Let the diameter of pipe = d a a
; d
Hydraulic mean depth, m= 2
Loss of head gl P e o 03
oss of head per unit length, i = = =,
i . L~ 2000

Chezy’s formula is given by equation (11.4) as V = C /mi
Substituting the values of V, m, i and C, we get

32 X4-501,—x002 or —x002- 0'%’“ ='OO§,09
nd* x50 d*

509° _ 0000259 sy 4 % 0000259
4 ¢ =
d d 002

08-11-2022 bepritam kwmarDas - g = /0.0518=(.0518)""* = 0.553 m = 553 mm."Ans.

= 0.0518

Squaring both sides, % x 002 =



Problem 11.4 An oil of sp. gr. 0.7 is flowing through a pipe of diameter 300 mm at the rate of ENGINEERING COLLEGE (A)
| 500 litres/s. Find the head lost due to friction and power required to maintain the flow for a length of

1000 m. Take v = .29 stokes.
Solution. Given :

Sp. gr. of oil, S=0.7

Dia. of pipe, d=300 mm=03m
Discharge, Q = 500 litres/s = 0.5 m>/s
Length of pipe, L= 1000 m

Velocity, ye_Q _ 05 05x4

Area T .2 n % 0.3°
4

_Vxd _ 7.073x03
v 029 x10~*

= 7.073 m/s

Reynolds number, R, =7y 16 (10)4

Co-efficient of friction, f= '0‘172 = Ll = 20048

R (1316 x10°%)

4x fxLxV* 4x.0048 x 1000 x 7.073
dx2g - 0.3x2 x9.81

Head lost due to friction, h]= = 163.18 m

IR
1000

where p = density of oil = 0.7 x 1000 = 700 kg/m’

700 x9.81 X 0.5 x 163.18

Power required = 1000 i Kuma$D§90.28 kW. Ans. e

Power required

08-11-2022"*



MINOR LOSS OF ENERGY IN PIPES

ADITYA ENGINEERING COLLEGE (A)

> Energy losses in pipes used for the transportation of fluids (water, petroleum etc.) are essentially

due to friction, as well as to the diverse singularities encountered. These losses are usually converted

into head reductions in the direction of the flow.

The loss of head or energy due to friction in a pipe is known as major loss while the loss of energy
due to change of velocity of the following fluid in magnitude or direction is called minor loss of

energy. The minor loss of energy (or head) includes the following cases :

1. Loss of head due to sudden enlargement,
2. Loss of head due to sudden contraction, | |
3. Loss of head at the entrance of a pipe, Entrances

: s - and Exits
4. Loss of head at the exit of a pipe,
5. Loss of head due to an obstruction in a pipe, ::_. -
t;. Loss of head due to bend in the pipe, Siidden axbarision

Loss of head in various pipe fittings. or contraction

e

—/_ x Valves
X _/_ — -
Gradual expansions w
or contractions j j [—
Bends or other
fittings

In case of long pipe the above losses are small as compared with the loss of head due to friction and
hence they are called minor losses and even may be neglected without serious error. But in case of a

short pipe, these losses are comparable with the loss of head due to friction.

11.4.1 Loss of Head Due to Sudden Enlargement. Consider a liquid flowing through a pipe
which has sudden enlargement as shown in Fig. 11.1. Consider two sections (1)-(1) and (2)-(2) before

and after the enlargement.

08-11-2022 Dr. Pritam Kumar Das
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Let

= pressure intensity at section 1-1,

V, = velocity of flow at section 1-1,
A, = area of pipe at section 1-1,

p», V5 and A, = corresponding values at section 2-2.

Due to sudden change of diameter of the pipe from D, to D,, the liquid flowing from the smaller
pipe is not able to follow the abrupt change of the boundary. Thus the flow separates from the boundary
and turbulent eddies are formed as shown in Fig. 11.1. The loss of head (or energy) takes place due to
the formation of these eddies.

ADITYA ENGINEERING COLLEGE (A)

Let p’ = pressure intensity of the liquid eddies on the area (A, — A)) © @

h, = loss of head due to sudden enlargement . 1

: 3 . : N hobo) :

Applying Bernoulli’s equation at sections 1-1 and 2-2, ) :

Vl‘ V’ V1> p,A, T~ ______ : PzAz_A_ _Xg.

e M ) = P22, Z, + loss of head due to sudden enlargement : :

pg 24 pg  2g T :

. . . ' ‘)‘) [

But 7, = Z, as pipe is horizontal © ,
P + ‘/l i P2 + V2 + he @

Pg 28 pg 2g

b P

Y
or -
2 ]

08-11-2022 Dr. Pritam Kumar Das




ADITYA ENGINEERING COLLEGE (A)

Consider the control volume of liquid between sections 1-1 and 2-2. Then the force acting on the
| liquid in the control volume in the direction of flow is given by

Fi=pA i+ p'(A;—A)) - oA,
But experimentally it is found that p” = p,
Fo=pA + p(Ay = A)) = pA; = pidy - prA;
= (py = P2)A; (i)
Momentum of liquid/sec at section 1-1 = mass X velocity
= pA, V; x V, = pA,V’
Momentum of liquid/sec at section 2-2 = pA,V, X V, = pA,V,’
Change of momentum/sec = pA,V," - pA, V>
But from continuity equation, we have

Vv,
Alvl =A2V2 Ol‘A, = L

2 A‘) 2 2
Change of momentum/sec = pA,V,” — p X {/V“ x V,?* = pA,V, — pA,V,V,
1

= pA,[V,7 - V,V,] (i)

Now net force acting on the control volume in the direction of flow must be equal to the rate of
change of momentum or change of momentum per second. Hence equating (ii) and (iii)

() = PA; = PALIV, =V, V]

or % = sz - Vl Vz

- TNV , Vi =WV,
Dividing by g on both sides, we have i s : -WY, .. v, =WV,

08-11-2022 PRritam Kumar Bas Pg Pg 8 18



‘DITYA ENGINEERING COLLEGE (A)

/7% | Substituting the value of (f‘— - &J - equation (1), ‘We pet

Pg P8

Vi - ViV, + VW v 2 2Vy —2ViVa + VP - Wy

8 2g 2g 2g

h

V + V' -2V, (Vi -V ]
28 =( 28 )
k= M ..(11.5)
28
11.4.2 Loss of Head due to Sudden Contraction. Consider a liquid flowing in a pipe which
has a sudden contraction in area as shown in Fig. 11.2. Consider two sections 1-1 and 2-2 before and
after contraction. As the liquid flows from large pipe to smaller pipe, the area of flow goes on
decreasing and becomes minimum at a section C-C as shown in Fig. 11.2. This section C-C is called
Vena-contracta. After section C-C, a sudden enlargement of the area takes place. The loss of head due
to sudden contraction is actually due to sudden enlargement from Vena-contracta to smaller pipe.

» Head loss due to sudden contraction = head loss upto vena contracta + head loss due to sudden enlargement.

» Due to sudden enlargement turbulent eddies are formed at the corner of the enlargement of the pipe section. The
formation of eddies cause loss of energy in form of heat to the surrounding.

» The sudden contraction in the area / diameter of a fluid jet after it emerges from a circular aperture in a
pressurized reservoir is called as vena contracta. Coefficient of contraction is the ratio of the cross sectional area
of the,jeta tthe vena contracta to the area of the anfic.e..... o.. .



Let A, = Area of flow at section C-C
V. = Velocity of flow at section C-C

ADITYA ENGINEERING COLLEGE (A)

A, = Area of flow at section 2-2
V, = Velocity of flow at section 2-2

'
) —

5 S \'\—'ﬂ‘\fﬂ} N

A

s

hc = Loss of head due to sudden contraction.

§— — — e — — 4

|

| PoA;
«-—-—

|

i

Now h,. = actual loss of head due to enlargement from
section C-C to section 2-2 and is given by equation (11.5) as

© @

O e L e

v.-v) vi[v. T
L=t} ¥ [—°-1] )
28 28|V, Fig.11.2 Sudden contraction.
From continuity equation, we have
AC
AV, =AV, or Yo _d, & 1 [Cc =A_]
Vv, A, (A /4) C. 2
Vv
Substituting the value of -‘7‘— in (i), we get
h., = Y, L—l (11.6)
22 | C.
- , where k = L—l
28 i
If the value of C. is assumed to be equal to (.62, then
l 2
k= [—— l] = 0.375 2 2
0.62 Then A, becomes as h,= o T 0.375 L8
28 28
If the value of C,_is not given then the head loss due to contraction is taken as
Vi Vy

. =0.5—2orh =05—->=.
08-11-2022 Dr. Pritam Kumar Das 23 ¢ zg 20
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ADITYA ENGINEERING COLLEGE (A)

Problem 11.8 Find the loss of head when a pipe of diameter 200 mm is suddenly enlarged to a
diameter of 400 mm. The rate of flow of water through the pipe is 250 litres/s.

Solution. Given :
Dia. of smaller pipe, D= 200 mm = 0.20 m

- Area, A = ; D= % (2)° = 0.03141 m?
Dia. of large pipe, D, =400 mm = 0.4 m
- Area, A, = % x (0.4)* = 0.12564 m’
Discharge, 0 = 250 litres/s = 0.25 m’/s
Velocity, V,= 8.9 _aesiik

A, 03141
Velocity, = Q _ 0'25 = 1.99 m/s

A, 12564

Loss of head due to enlargement is given by equation (11.5) as

(V- V,)" (796 -199)
2g 2g

2

¢ = 1.816 m of water. Ans.

Problem 11.9 At a sudden enlargement of a water main from 240 mm to 480 mm diameter, the
hydraulic gradient rises by 10 mm. Estimate the rate of flow. (J.N.T.U., S 2002)

08-11-2022 Dr. Pritam Kumar Das 21




Dia. of smaller pipe, D, =240 mm =0.24 m
n2_T 2
- Area, A=—D;/=— (24
© s (.24)
Dia. of large pipe, D, =480 mm = 0.48 m

- Area, A, = % (0.48)

Zz+p_2

Rise of hydraulic gradient®, i.e., (
Pg

Let the rate of flow =

H

10 1

pl m=s—m==—m
1000 100

_+z|
Pg

)=

Applying Bernoulli’s equation to both sections, i.e., smaller pipe section, and large pipe section.

2 2

ADITYA ENGINEERING COLLEGE (A)

V
2 B4 (N 7= L z, + Head loss due to enlargement (i)
pg  2g pg  2g
Now substituting the value of /2, and V, in equation (i),

But head loss due to enlargement, 2

2 Py + (4V2) R P sz 9V22

V_v) =y —=
= ._.____( 1~ 2 (i) Pg 28 pg 28 2g
e 2g
2 2 2
From continuity equation, we have A,V, = A,V, or e 2 O [pz + zzJ - [—l'* Zl]
28 28 28 \pg pg
T _»
— D5 XV, 2 2
A, V. 2 02 Dy A48 : N
V.= 22 _ 4 =|—=| xXV,= (——) XV,= 2% % V, =4V, But hydraulic gradient rise = L+z, - —'+z, = L
A R D} D, 24 pg pg 100
4
72 2 2 2
Substituting this value in (if), we get 16V; - Z2__ oV a I o 6V; - 1
X 5 2e  2g 2g 100 2g 100
_@h-v) (V) oy
‘ 2g 28 2 v,= 22931 _ 1808 = 0.181 mss
6 x 100
Discharge, Q0=A,xV,

08-11-2022
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- % DX V,= % (48)% x 181 = 0.03275 m¥s

22
= 32.75 litres/s. Ans.



ADITYA ENIGINEFRING COLLEGE (A)
Problem 11.10 The rate of flow of water through a horizontal pipe is 0.25 m’/s. The diameter of the

) pipe which is 200 mm is suddenly enlarged to 400 mm. The pressure intensity in the smaller pipe is

11.772 N/em®. Determine :
(i) loss of head due to sudden enlargement, (if) pressure intensity in the large pipe,
(iti) power lost due to enlargement.

I s 3
lecharge, Q= 0.25 m’/s (#f) Let the pressure intensity in large pipe = p,.
Dia. of smaller pipe, D, =200 mm = 0.20 m Then applying Bernoulli’s equation before and after the sudden enlargement,
n 2 2
Area, Ay (.2)* = 0.03141 m* P M v o Php Mo
pg 28 pg 28
Dia. of large pipe, D, = 400 mm = 0.40 m But Zi=2 (Given horizontal pipe)
Tt 2 2 2 2
- Area, Ay = = (0.4)> = 0.12566 m? VNP /AR R/ SRS - R L
4 P 28 pg 2 Pg P 28 28
; i 2 4 2
Pressure in smaller pipe, p, = 11.772 N/em™ = 11.772 x 10" N/m 11772 %10° N 7967 199 Ls16
. Q 0.25 1000x9.81 2x981 2x981
Now velocity, Vi=—= = 7.96 m/s
A 03141 = 12.0 + 3.229 - 0.2018 - 1.8160
= 15.229 - 2.0178 = 13.21 m of water
Velocity, Vi e DD U5 e . ps= 1321 x pg = 1321 x 1000 x 9.81 N/m’
= A, 12566 = 13.21 x 1000 x 9.81 x 10™* Nfem® = 12,96 N/em®. Ans.

(iii) Power lost due to sudden enlargement,

5 - p= pg.Q.h,  1000x9.81x0.25x1.816
V -'Vq B 7.96"'.99 - = =
g (Vi-V)" _ et 1000 1000
2g 2 x9.81

(i) Loss of head due to sudden enlargement,
= 4.453 KkW. Ans.

08-11-2022 Dr. Pritam Kumar Das 23



11.4.4 Loss of Head at the Exit of Pipe. This is the loss of head (or energy) due to the ADITYA ENGINEERING COLLEGE (A)

velocity of liquid at outlet of the pipe which is dissipated either in the form of a free jet (if outlet of the

pipe is free) or it is lost in the tar;k or reservoir (if the outlet of the pipe is connected to the tank or
reservoir). This loss is equal to 25 where Vis the velocity of liquid at the outlet of pipe. This loss is

denoted h,.

WL ..(11.9)

where V = velocity at outlet of pipe.

11.4.5 Loss of Head Due to an Obstruction in a Pipe. Whenever there is an obstruction
in a pipe, the loss of energy takes place due to reduction of the area of the cross-section of the pipe at
the place where obstruction is present. There is a sudden enlargement of the area of flow beyond the
obstruction due to which loss of head takes place as shown in Fig. 11.3 (a)

obstruction as shown in Fig. 11.3 (a).

Let a = Maximum area of obstruction

Consider a pipe of area of cross-section A having an @ ®
f
! I
A = Area of pipe ] I
l |

V= Velocity of liquid in pipe
_é'—'v ——

5
sj
|
> ; | |
-1, a vena-contracta is formed beyond section 1-1, | % ,
| |

Then (A - @) = Area of flow of liquid at section 1-1, ST e
As the liquid flows and passes through section
after which the stream of liquid widens again and
velocity of flow at section 2-2 becomes uniform and 0 @

equal to velocity, Vin the pipe. This situation is similar to Fig.11.3 (@) An obstruction in a pipe.
the flow of liquid through sudden enlargement.

Let V. = Velocity of liquid at vena-contracta.

Then loss of head due to obstruction = loss of head due to enlargement from vena-contracta to 24

08-11-2022 :
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(V.- V) .
= (1)
28
From continuity, we have a.xV.=AxV ..(ii)

\ ENGINEERING COLLEGE (A)

vhere a,. = area of cross-section at vena-contracta
If C. = co-efficient of contraction

Then €= arca at vena -contracta _ 4,
(A-a) (A—a)
" a.=C.X(A-a)
Substituting this value in (ii), we get
C.x(A-a)yxV.=AxV o V.= _AXV
C.(A-a)

Substituting this value of V, in equation (i), we get

2

(_AXV. _V]

V.-v) |c. (A- 2

Head loss due to obstruction = ( ) - e a) 4 A -
C.(A-a)

= 1| ..(11.10)
2g 2g 2g

11.4.6 Loss of Head due to Bend in Pipe. When there is any bend in a pipe, the velocity of
flow changes, due to which the separation of the flow from the boundary and also formation of eddies
takes place. Thus the energy is lost. Loss of head in pipe due to bend is expressed as

> The additional loss of head in flow

2 - -
h, = 3 through pipe bends is known as bend
28 loss and is usually expressed as a
where /1, = loss of head due to bend, V = velocity of flow, k = co-efficient of bend fraction of the velocity head as |,
The value of k depends on where V is the average velocity of

(i) Angle of bend, (ii) Radius of curvature of bend, (iif) Diameter of pipe. flow through the pipe. 25



%, |11.4.7 Loss of Head in Various Pipe Fittings. The loss of head in the various pipe fittings G COLLEGE (A)
% /such as valves, couplings etc., is expressed as

_kV?
28
where V = velocity of flow, k& = co-efficient of pipe fitting.

Problem 11.15 Water is flowing through a horizontal pipe of diameter 200 mm at a velocity of
3 m/s. A circular solid plate of diameter 150 mm is placed in the pipe to obstruct the flow. Find the loss
of head due to obstruction in the pipe if C. = 0.62.

Solution. Given :

w(1111)

Dia. of pipe, D =200 mm = 0.20 m
Velocity, V=3.0m/s
Area of pipe, A= %:— D’ = % (0.2)* = 0.03141 m?
Dia. of obstruction, d=150mm=0.15m
~. Area of obstruction, o= % (.15)> = 001767 m? C, = 0.62
The head lost due to obstruction is given by equation (11.10) as
s I & rg
2g\C.(A-a)
_ 3x3 03141 ]l
© 2981 0.62[.03141 -.01767]
9 5
08-11-2022 Dr. Pritam Kumar Das = [3.687 - 1.0]° = 3.314 m. Ans.
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Problem 11.16 Determine the rate of flow of water through a pipe of diameter 20 cm and length )JITYA ENGINEERING COLLEGE (A)
1 % 50 m when one end of the pipe is connected to a tank and other end of the pipe is open to the
= atmosphere. The pipe is horizontal and the height of water in the tank is 4 m above the centre of the

. : : . dif LV
pipe. Consider all minor losses and take f = .009 in the formula h, = f.L.V .
! dX2g
Solution. Dia. of pipe, d=20cm = 0.20 m
Length of pipe, L=50m - =
WATER SURFACE
Height of water, H=4m ===——u
Co-efficient of friction, /= .009 T
Let the velocity of water in pipe =V m/s. :
Applying Bernoulli’s equation at the top of the water l_ ___________ o
surface in the tank and at the outlet of pipe, we have L=50 m "m
[Taking point 1 on the top and point 2 at the outlet of d=20 cm
pipe]. Fig. 11.4
2 2
ﬂ+v_'+z, - &-;-V—z + 7, + all losses
pg 28 pg 28
Considering datum line passing through the centre of pipe
Vi
0+0+40=0+ — +O+(h,+hf)
2g
2
or 4.0=V—2+h,-+h[
2¢g
But the velocity in pipe = V, SV=V,
4.0 = ¥ +hi+ hy (1)
2¢g
V2
08-11-2022 From equation (IQQSTJWP%m.fSaI’Z—Da%nd h, from equation (11.1) is given as 27
8



; 4. L ADITYA ENGINEERING COLLEGE (A)
7= dx2g
Substituting these values, we have
V2 2 2
PO W, i
22 2g dXxX2g
v? V2
= —[1.0+ g5 22N X 50] =~ [1.0 + 0.5 + 9.0]
2g 0.2 2g
v2
=10.5x —
2g
= \/M}- = 2.734 m/sec
10.5
Rate of flow, O=AxV= % % (0.2)° x 2.734 = 0.08589 m’/s

= 85.89 litres/s. Ans.
» 11.5 HYDRAULIC GRADIENT AND TOTAL ENERGY LINE

The concept of hydraulic gradient line and total energy line is very useful in the study of flow of
fluids through pipes. They are defined as :
11.5.1 Hydraulic Gradient Line. It is defined as the line which gives the sum of pressure head

(ﬁ) and datum head (z) of a flowing fluid in a pipe with respect to some reference line or it is the line
w
which is obtained by joining the top of all vertical ordinates, showing the pressure head (p/w) of a
flowing fluid in a pipe from the centre of the pipe. It is briefly written as H.G.L. (Hydraulic Gradient

Line).
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11.5.2 Total Energy Line. It is defined as the line which gives the sum of pressure head, datum

=wmcxamem<| pead and kinetic head of a flowing fluid in a pipe with respect to some reference line. It is also defined as
the line which is obtained by joining the tops of all vertical ordinates showing the sum of pressure head

and kinetic head from the centre of the pipe. It is briefly written as T.E.L. (Total Energy Line).

Problem 11.16 Determine the rate of flow of water through a pipe of diameter 20 cm and length
50 m when one end of the pipe is connected to a tank and other end of the pipe is open to the
atmosphere. The pipe is horizontal and the height of water in the tank is 4 m above the centre of the

2
pipe. Consider all minor losses and take f = .009 in the formula h; = Z ‘); ' I; L4 ‘
X <8

Problem 11.22 For the problem 11.16, draw the Hydraulic Gradient Line (H.G.L.) and Total
Energy Line (T.E.L.).

Solution. Given :

L=50m,d =200 mm=02m
A_py o
H=4 m, f = .009 —_::E:E_—E_—._::I_— -——’ .—0.19
Velocity, V through pipe is calculated in problem 11.16 and its value is V = 2.734 m/s - o EI\}\ e
Now, h; = Head lost at entrance of pipe ) put &L
‘ 2 3 4m = fm\
Ve 05x2.734° s —
= 0.5 + = 0.19 m - F
2g 2x9381 - \\?
D _-?42-38
2 2 B
and /1, = Head loss due to friction = AxfxLxV"_4x0009x350x(2.734) _ 3.428 m. .
dx2g 0.2 x2x981 '&-22 m
- cm
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(a) Total Energy Line (T.E.L.). Consider three points, A, B and C on the free surface of water in

the tank, at the inlet of the pipe and at the outlet of the pipe respectively as shown in Fig. 11.8. Let us
find total energy at these points, taking the centre of pipe as reference line.

L TotalcncrgyatA:£+V—+z=0+0+4.0=4m
pg  2¢
2. Total energy at B = Total energy atA - h,=4.0-0.19=3.81 m
W : 734
3. TotalcncrgyatC:—pi—+—‘—+zc=O+— +0= %34 = (.38 m.
pg 2 28 2x9.81

Hence total energy line will coincide with free surface of water in the tank. At the inlet of the pipe,
it will decrease by A, (= 0.19 m) from free surface and at outlet of pipe total energy is 0.38 m. Hence
in Fig. 11.8,

(i) Point D represents total energy at A

(1) Point E, where DE = h;, represents total energy at inlet of the pipe
(7if) Point F, where CF = (.38 represents total energy at outlet of pipe.
Join D to E and E to F. Then DEF represents the total energy line.

(b) Hydraulic Gradient Line (H.G.L.). H.G.L. gives the sum of (p/w + z) with reference to the
2

datum-line. Hence hydraulic gradient line is obtained by subtracting ‘2/— from total energy line. At
8

2 2

- -

Vv
outlet of the pipe, total energy = Z— By subtracting -2— from total energy at this point, we shall get
8 8
point C, which lies on the centre line of pipe. From C, draw a line CG parallel to EF. Then CG
08-11-202%epresents the hydraulic gradient line. Dr. Pritam Kumar Das 30



losses in each pipe plus local losses at connections.

This is defined as the pipe of uniform diameter having loss of head and discharge equal to the loss
of head and discharge of a compound pipe consisting of several pipes of different lengths and diam-
eters. The uniform diameter of the equivalent pipe is called equivalent size of the pipe. The length of
equivalent pipe is equal to sum of lengths of the compound pipe consisting of different pipes.

ADITYA ENGINEERING COLLEGE (A)

Y Elow throuah pipe in_series sWhen pipes of different diameters are connected end to end to

form a pipe line, they are said to be in series. The total loss of energy (or head) will be the sum of the

Let L, =length of pipe | and d, = diameter of pipe | 5
L, = length of pipe 2 and d, = diameter of pipe 2 l‘“ I T ! Cy
L, = length of pipe 3 and d, = diameter of pipe 3 NERSEREN. S D e 8 Do oo - Ve Qo p_ .,
H = total head loss A Vg
= length of equivalent pipe H, T | l [ i H,
d = diameter of the equivalent pipe - ™ >l C > = *
Then L=L,+L,+ L,
Total head loss in the compound pipe, neglecting minor losses Pipes in Series
2 : 2 2 Q
4 V.
= 4fILIVI +4j2L2V2 + f1L3 3 (l|l4A) —]l - - 3
d xX2g d,x2g dyXx2g [
Assuming fi=bh=fhi=f 2
| toa T Q = Q = Q
DISChargc. Q = A|V' = Asz = A;V‘* = ‘Z dl V| ‘Z‘ d')-v_ = Z d3-V3 h h h
) A Liotal= L1 + Mlp + Py
¥i= - V= . and V3= 4Q‘)
nd; nd; nd;

08-11-2022 Dr. Pritam Kumar Das
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Substituting these values in equation (11.14A), we have ADITYA ENGINEERING COLLEGE (A)

0 a0\ a0 Y
o x(4] on(id) amfig)

H= +
d x2g d,x2g dy x2g
ax16f0° | L, L, + L
= .(11.15)
7 x 2 [ds FE |
, ; . 4f.L.V? : : ;
Head loss in the equivalent pipe, H = S [Taking same value of fas in compound pipe]
8
where V = _Q_,: Q - 40
A T o2 nd?
—d
4
il
H= R, PGS [_5] .(11.16)
dx2g r°x2g |Ld

Head loss in compound pipe and in equivalent pipe is same hence equating equations (11.15) and
(11.16), we have

4 x16 fQ° L L L =4xl6Q2f[L]
n’x2g |d) d d n’x2g Ld°

L Ly Ly L L L
or o e o = or = + (11,17
d dy d; d° d‘ d’ 45 d; ;
Equation (11.17) is known as Dupuit’s equation. In this equation L=L, + L, + Ly and d,, d, and d,
08-11-2022 are known. Hence the equivalent size of thé'pipe; e, ¥ilue of d can be obtained. 32




08-11-2022

Solution. Given:

ADITYA ENGINEERING COLLEGE (A)

| Problem 11.31  Three pipes of lengths 800 m, 500 m and 400 m and of diameters 500 mm, 400 mm
and 300 mm respectively are connected in series. These pipes are lo be replaced by a single pipe of
length 1700 m. Find the diameter of the single pipe.

Length of pipe 1, L, =800 m and dia.,d, = 500 mm = 0.5 m
Length of pipe 2, L, =500 m and dia., d, = 400 mm = 0.4 m
Length of pipe 3, Ly =400 m and dia., d; =300 mm = 0.3 m
Length of single pipe, L=1700m

Let the diameter of equivalent single pipe = d

) . L L L, L,
Applying equation (11.17), = 4o —
pplying eq ( R I

1700 800 500 400
= +

P 5 4% 03°

s 1700

= 25600 + 48828.125 + 164609 = 239037

d” = =.007118

~ 239037

d=(.007188)"% = 0.3718 = 371.8 mm. Ans.

Dr. Pritam Kumar Das
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» 11.9 FLOW THROUGH PARALLEL PIPES

Consider a main pipe which divides into two or more branches as shown in Fig. 11.17 and again join
together downstream to form a single pipe, then the branch pipes are said to be connected in parallel.

The discharge through the main is increased by connecting pipes in parallel.

BRANCH PIPE 2
Lida Vs

Lq.dy Vs

BRANCH PIPE 1

Fig. 11.17

The rate of flow in the main pipe is equal to the sum of rate of flow through branch pipes. Hence
from Fig. 11.17, we have

0=0,+0, (11.18)

In this, arrangement, the loss of head for each branch pipe is same.
.. Loss of head for branch pipe 1 = Loss of head for branch pipe 2

2 2
SALVE _ 4fLY; (11.19)
d x2g d,x2g

LV . LV
d x2g d,x2g

fi= /> then .(11.20)

08-11-2022 Dr. Pritam Kumar Das 34
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Problem 11.32 A main pipe divides into two parallel pipes which again forms one pipe as shown in

Fig. 11.17. The length and diameter for the first parallel pipe are 2000 m and 1.0 m respectively, while
the length and diameter of 2nd parallel pipe are 2000 m and 0.8 m. Find the rate of flow in each
parallel pipe, if total flow in the main is 3.0 m’/s. The co-efficient of friction for each parallel pipe is
same and equal to .005.

Length of pipe 1, L, =2000 m
Using equation (11.19), we have Dia. of pipe |, dl 1.0m
4f,LV: _4Af,L,V; Length of pipe 2, L, =2000 m
d x2g  d,x2g Dia. of pipe 2, d2-08m
Total flow, 3.0 m’/s
4 x.005 %2000 X V, _ 4x.005 x 2000 X V; }2 =f,=f= 005
10X 2 x9.81 0.8%2x9.81 B g
Let Q, = discharge in pipe 1
or Ve, V2= 14 ' @, = discharge in pipe 2
1.0 038 0.8 From equation (11.18), 0=0,+0,=30
V. V.
V= == —2 (i)
' Jos 894
T .2 Tt oo, Y Vv, ]
N =—d, " xV,=— (1) x — V=
i Q=g =g e [ ' 804
and 0y= = d2x Vo= (8 x Vo= = x .64 %V,
4 4 % Substituting this value in equation (ii),
Substituting the value of Q, and Q, in equation (i), we get v 217
x V, .® Vi= —-=—"—=2427 m/s
+— x.64 V,=3.0 or 0.8785 V, + 0.5026 V, = 3.0 8940894
4 0.894 4 T T
30 Hence 0, = Fi d,? x V= Z % 1% X 2.427 = 1.906 m/s. Ans.
or V,[.8785 + .5026] = 3.0 or V- — = 2.17 m/s.

. s SRt e i 3
08-11-2022 3811 Dr. Pritam Kumar Das Q=0 - Q,=3.0- 1906 = 1.094 m'/s. Ans.
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Problem 11.33 A pipe line of 0.6 m diameter is 1.5 km long. To increase the discharge, another line
of the same diameter is introduced parallel to the first in the second half of the length. Neglecting
minor losses, find the increase in discharge if 4f = 0.04. The head at inlet is 300 mm.

Dia. of pipe line, D=0.6m 1st Case. Discharge for a single pipe of length 1500 m and dia. = 0.6 m.
Length of pipe line, L=15km=15x1000= 1500 m 4fLV*2
4f=0.04 or f= .01 This head lost due to friction in single pipe is h,= S

Head at inlet, h=300 mm=03m , _ . s

Head at outlet, = atmospheric head = () whereV* = velocity of flow for single pipe

. Head loss, h! =03 m 4 %.01%1500 x V*z

15 or =
Length of another parallel pipe, L, = OO _ =750 m 06:x2¢
? 03x%0.6x2x981
Dia. of another parallel pipe, d, = 0.6 m V= [——— =(.2426 m/s
4x.01x1500

Fig. 11.18 shows the arrangement of pipe system,

" 0.3m L=1500m L,=750m,d, =0.6m
L— a— B—q, C

| D=0.6m \}2 "

L,=750m,d,~0.6m

08-11-2022

Discharge, Q* = V* x Area = (.2426 X % (.6)% = 0.0685 m*/s

G COLLEGE (A)

(i)

2nd Case. When an additional pipe of length 750 m and diameter 0.6 m is connected in parallel with

the last half length of the pipe.

Let Q, = discharge in 1st parallel pipe
Q, = discharge in 2nd parallel pipe
Q=0,+0Q,

where Q = discharge in main pipe when pipes are parallel.
But as the length and diameters of each parallel pipe is same
Q,=0Q,=0/2
Conslder the flow through pipe ABC or ABD

Head loss through ABC = Head lost through AB + head lost through BC
But head lost due to friction through ABC = 0.3 m given

Dr. Pritam Kumar Das
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But head lost due to friction through ABC = 0.3 m given

4x fx750 x V*

Head loss due to friction through AB = , where V = velocity of flow through AB

0.6 x2x98I1
Q_Q_40

Area -3—(0.6)2 Tt X.36

Head loss due to friction through AB

2
_4x 0lx750 40 =31.87 Q2
06><2 ><981 T %X.36
Head loss due to friction through BC
_ARTRE RV
d, X2g
I 7] ] ]
_4x Ol><750 Q .y _ Distance Q
2 L U = 2
06"2’<981 2x£(.6)“ E(.6)2 2x£x(.6)°
L 4 T 4 4 4

4 x.01x750 S 16

T06x2x981  4xr x.367
Substituting these values in equation (if), we get
0.3 =31.87 Q° + 7.969 Q* = 39.839 Q°
0.3

= [——— =0.0867 m%/
0= 30830 S

08-11-2022 *. Increase in discharge = Q - Q* —- Oe%ryam '@%85: 0.0182 m3/s. Ans. 37

0> =17.969 Q°




ADITYA ENGINEERING COLLEGE (A)

Boundary Laver Theor
» Introduction, Momentum Integral equation,

» Displacement, Momentum and energy thickness

» Introduction to Aerodynamic forces like Drag and LIift.

08-11-2022 Dr. Pritam Kumar Das 38
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f AnifuAl Introduction:

s ) ! BOUNDARY
> In physics and fluid mechanics, a boundary layer is the layer of fluid in  — — / HAYER
the immediate vicinity of a bounding surface where the effects of — =y
viscosity are significant. —
» BTL, When a real fluid flows over a solid body, the velocity of fluid at —= \
the boundary will be zero. If boundary is stationary. As we move away — - \. 50LID BODY

from boundary in perpendicular direction velocity increases to the free
stream velocity.

When a real fluid flows past a solid body or a solid wall, the fluid particles adhere to the boundary
and condition of no slip occurs. This means that the velocity of fluid close to the boundary will be same
as that of the boundary. If the boundary is stationary, the velocity of fluid at the boundary will be zero.
Farther away from the boundary, the velocity will be higher and as a result of this variation of velocity,

Fig. 13.1 Flow over solid body.

. : du : ; g . ;
the velocity gradient o will exist. The velocity of fluid increases from zero velocity on the stationary
ay

boundary to free-stream velocity (U) of the fluid in the direction normal to the boundary. This variation
of velocity from zero to free-stream velocity in the direction normal to the boundary takes place in a
narrow region in the vicinity of solid boundary. This narrow region of the fluid is called boundary
layer. The theory dealing with boundary layer flows is called boundary layer theory.

According to boundary layer theory, the flow of fluid in the neighbourhood of the solid boundary
may be divided into two regions as shown in Fig. 13.1.

08-11-2022 Dr. Pritam Kumar Das 39
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1. A very thin layer of the fluid, called the boundary layer, in the immediate neighbourhood of the

solid boundary, where the variation of velocity from zero at the solid boundary to free-stream velocity

AL N
J 20
PN

d
in the direction normal to the boundary takes place. In this region, the velocity gradient d_u exists and

hence the fluid exerts a shear stress on the wall in the direction of motion. The value of shear stress is
given by

T=p—.
K dy
2. The remaining fluid, which is outside the boundary layer. The velocity outside the boundary layer
is constant and equal to free-stream velocity. As there is no variation of velocity in this region, the

; o ; .
velocity gradient — becomes zero. As a result of this the shear stress is zero.

dy
TURBULENT BOUNDARY
LAYER
LAMINAR BOUNDARY
Sr— LAYER G
— \
—\u LAMINAR
— /SUBLAYER
—
2 e
S
—_—
>
LEADING
EDGE LAMINAR TURBULENT
ZONE ZONE
TRANSITION
ZONE
08-11-2022 . Dr. Pritam K D 40
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13.2.1 Laminar Boundary Layer. For defining the boundary layer (i.e., laminar boundary

layer or turbulent boundary layer) consider the flow of a fluid, having free-stream velocity (U), over

a smooth thin plate which is flat and placed parallel to the direction for free stream of fluid as shown
in Fig. 13.2. Let us consider the flow with zero pressure gradient on one side of the plate, which is
stationary.

The velocity of fluid on the surface of the plate should be equal to the velocity of the plate. But plate
is stationary and hence velocity of fluid on the surface of the plate is zero. But at a distance away from
the plate, the fluid is having certain velocity. Thus a velocity gradient is set up in the fluid near the
surface of the plate. This velocity gradient develops shear resistance, which retards the fluid. Thus the
fluid with a uniform free stream velocity (U/) is retarded in the vicinity of the solid surface of the plate
and the boundary layer region begins at the sharp leading edge. At subsequent points downstream the
leading edge, the boundary layer region increases because the retarded fluid is further retarded. This is
also referred as the growth of boundary layer. Near the leading edge of the surface of the plate, where
the thickness is small, the flow in the boundary layer is laminar though the main flow is turbulent. This
layer of the fluid is said to be laminar boundary layer. This is shown by AE in Fig. 13.2. The length of
the plate from the leading edge, upto which laminar boundary layer exists, is called laminar zone. This
is shown by distance AB. The distance of B from leading edge is obtained from Reynold number equal
to 5 x 107 for a plate. Because upto this Reynold number the boundary layer is laminar. The Reynold

number is given by (R,), = L

where  x = Distance from leading edge,
U = Free-stream velocity of fluid,

v = Kinematic viscosity of fluid,
08-11-2022 Dr. Pritam Kumar Das 41



ADITYA ENGINEERING COLLEGE (A)

L% (13.1)

\Y

Hence for laminar boundary layer, we have 5 x 10° =

If the values of U/ and v are known, x or the distance from the leading edge upto which laminar
boundary layer exists can be calculated.

13.2.2 Turbulent Boundary Layer. If the length of the plate is more than the distance x,
calculated from equation (13.1), the thickness of boundary layer will go on increasing in the down-
stream direction. Then the laminar boundary layer becomes unstable and motion of fluid within it, is
disturbed and irregular which leads to a transition from laminar to turbulent boundary layer. This short
length over which the boundary layer flow changes from laminar to turbulent is called transition zone.
This is shown by distance BC in Fig. 13.2. Further downstream the transition zone, the boundary layer
is turbulent and continues to grow in thickness. This layer of boundary is called turbulent boundary
layer, which is shown by the portion FG in Fig. 13.2.

13.2.3 Laminar Sub-layer. This is the region in the turbulent boundary layer zone, adjacent to
the solid surface of the plate as shown in Fig. 13.2. In this zone, the velocity variation is influenced
only by viscous effects. Though the velocity distribution would be a parabolic curve in the laminar
sub-layer zone, but in view of the very small thickness we can reasonably assume that velocity
variation is linear and so the velocity gradient can be considered constant. Therefore, the shear stress in
the laminar sub-layer would be constant and equal to the boundary shear stress T,. Thus the shear stress
in the sub-layer is

(3:«] u { ; - du u }
W= | = =l — -+ For linear variation, — = —
dy)ao ¥ dy
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ADITYA ENGINEERING COLLEGE (A)
13.2.4 Boundary Layer Thickness (3). It is defined as the distance from the boundary of the

solid body measured in the y-direction to the point, where the velocity of the fluid is approximately
equal to 0.99 times the free stream velocity (U) of the fluid. It is denoted by the symbol 8. For laminar
and turbulent zone it is denoted as :

I. &, = Thickness of laminar boundary layer,

2. 9, = Thickness of turbulent boundary layer, and

3. & = Thickness of laminar sub-layer.

13.2.5 Displacement Thickness (6*). It is defined as the distance, measured perpendicular to the
boundary of the solid body, by which the boundary should be displaced to compensate for the reduction in
flow rate on account of boundary layer formation. It is denoted by &*. It is also defined as :

"The distance perpendicular to the boundary, by which the free-stream is displaced due to the
formation of boundary layer”.

Expression for &%,

BOUNDARY
LAYER

———————
.u
— VELOCITY
— DISTRIBUTION
—
—— A

le—x —|B PLATE

@
Fig. 13.3 Displacement thickness.
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. . ) ADITYA ENGINEERING COLLEGE (A)
Consider the flow of a fluid having free-stream velocity equal to U over a thin smooth plate as

shown in Fig. 13.3. At a distance x from the leading edge consider a section 1-1. The velocity of fluid

at B is zero and at C, which lies on the boundary layer, is U. Thus velocity varies from zero at Bto U
at C, where BC is equal to the thickness of boundary layer i.e.,
Distance BC = &
Al the section 1-1, consider an elemental strip.
Let y = distance of elemental strip from the plate,
dy = thickness of the elemental strip,
u = velocity of fluid at the elemental strip,
b = width of plate.
Then area of elemental strip, dA = b X dy
Mass of fluid per second flowing through elemental strip
= p X Velocity x Area of elemental strip
=puXdA=puxbXxXdy wol(7)
If there had been no plate, then the fluid would have been flowing with a constant velocity equal to
free-stream velocity (U/) at the section 1-1. Then mass of fluid per second flowing through elemental
strip would have been
= p X Velocity X Area=p X U X b x dy (i)
As U is more than u, hence due to the presence of the plate and consequently due to the formation of
the boundary layer, there will be a reduction in mass flowing per second through the elemental strip.
This reduction in mass/sec flowing through elemental strip
= mass/sec given by equation (ii) — mass/sec given by equation (i)
= pUbdy — pubdy = pb(U - u)dy
Total reduction in mass of fluid/s flowing through BC due to plate

-js b(U - u)dy = br(u ) (i)
= Op —Uu y—p . — u)ay B Y
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Let the plate is displaced by a distance &* and velocity of flow for the distance &* is equal to the [TYA ENGINEERING COLLEGE (A)
| free-stream velocity (i.e., U). Loss of the mass of the fluid/sec flowing through the distance 6*
= p X Velocity X Area

=pxUxd*xb [ Area = 8* x b} ...(iv)
Equating equation (iif) and (iv), we get

)
pbj'(u-u)dy=pxe8*b
0
Cancelling pb from both sides, we have

r(U - w)dy = U x &*
0

1 ¢8 (U —uld *+ U is constant and can
or 5*=—I(U-u)dy=jw — :
UJo 0 U be taken inside the integral
3 u
o = 1 -—| dvy. .(13.2
J ( U) * N

13.2.6 Momentum Thickness (0). Momentum thickness is defined as the distance,
measured perpendicular to the boundary of the solid body, by which the boundary should be displaced
to compensate for the reduction in momentum of the flowing fluid on account of boundary layer
formation. It is denoted by 6.

Consider the flow over a plate as shown in Fig. 13.3. Consider the section 1-1 at a distance x from
leading edge. Take an elemental strip at a distance y from the plate having thickness (dy). The mass of
fluid flowing per second through this elemental strip is given by equation (i) and is equal to pubdy.

Momentum of this fluid = Mass x Velocity = (pubdy)u

Momentum of this fluid in the absence of boundary layer = (pubdy)U

Loss of momentum through elemental strip = (pubdy)U — (pubdy) X u = pbu(U - u)dy

08-11-2022 ~. Total loss of momentum/sec through BOw=#ri gnpbmﬁU Bau)dy L(13.3) 45



ADITYA ENGINEERING COLLEGE (A)
Let 8 = distance by which plate is displaced when the fluid is flowing with a constant velocity U

Loss of momentum/sec of fluid flowing through distance 0 with a velocity U
= Mass of fluid through 8 x velocity
= (p X area X velocity) X velocity
=[pxOxbxU]xU { Area= 0 x b}
= pBbU* (13.4)
Equating equations (13.4) and (13.3), we have

3
pOLU? = j pbu(U — u)dy = pb .[6 u(U — uw)dy (If fluid is assumed incompressible }
0 0

or U’ = ru(U — u)dy {cancelling pb from both sides}
(U — u)d
or —J u(U - u)dy = j u( “) Y
0= ai[n-i]a' (13.5)
i = y. w138

13.2.7 Energy Thickness (8**). It is defined as the distance measured perpendicular to the
boundary of the solid body, by which the boundary should be displaced to compensate for the reduction
in kinetic energy of the flowing fluid on account of boundary layer formation. It is denoted by 8**,

Consider the flow over the plate as shown in Fig. 13.3 having section 1-1 at a distance x from
leading edge. The mass of fluid flowing per second through the elemental strip of thickness ‘dy’at a
distance y from the plate as given by equation (i) = pubdy
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Kinetic energy of this fluid =—mxX vc:locity2 = % (pubdy) u’

B | —

Kinetic energy of this fluid in the absence of boundary layer

= 2 (ubdy)U?
Loss of K.E. through elemental strip

= % (pubdy)U* — % (pubdy) > = — pub [U? - u’] dy

L
2
Total loss of K.E. of fluid passing through BC

l 2 i l 2 2
= e — “ e b =
‘0 > pub [U” — u”] dy 2p '0 u(U"—u”)dy

{If fluid is considered incompressible }
Let 8** = distance by which the plate is displaced to compensate for the reduction in K.E.
Loss of K.E. through 8*#* of fluid flowing with velocity U

= % (mass) x velocity2 = %— (p x area X velocity) x velocity2

=l(pbe8**XU)U2 {= Area=b x &**)

ro

1
= — pbd**U’
5 P

Equating the two losses of K.E., we get
I w73 ! r 2 2
S = —pb Eu
2905 U= 2pb) u(U"-u)dy
I 2. -3
or 8**=U3J.:M(U-u)a‘y

-

. ** — u u-
08-11-2022  *° e Jjg[l -?]7] dY-5. pritam Kumar Das ..(13.6)
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Problem 13.1 Find the displacement thickness, the momentum thickness and energy thickness for
y

Y the velocity distribution in the boundary layer given by %;- = 5 where u is the velocity at a distance y

from the plate and u = U at y = 8, where & = boundary layer thickness. Also calculate the value of 5*/9.
y

2
v 8
(7) Displacement thickness 8* is given by equation (13.2),

8=x=J‘05 (1_.1‘.;.)@:]?(1_%)@ { _;_=_§_}

Velocity distribution

5 8
= I:y - y_] {3 is constant across a section }
28 Jo
2
=5-2 =5-2=2, Ans
20 2 2

)

PritgrﬁKumaéI%a

2 2T & & & 5 30-26
2 3 6

S

08-11-2022
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(iii) Energy thickness 8** is given by equation (13.6), as

2

_] .

S u u Sy
ik i ey — RAR -
) L [1 2}(1} L 8[:1

& &

W PR P
-, [8 53]‘1"[26 43’

(iv) —=—-—=—x%=3.Ans.

T8 48

ADITYA ENGINEERING COLLEGE (A)

DRAG FORCE ON A FLAT PLATE DUE TO BOUNDARY LAYER

o x ] e ——:

OUTER EDGE OF
BOUNDARY LAYER

BOUNDARY LAYER

(a) (b)

Fig. 13.4 Drag force on a plate due to boundary layer.

Consider the flow of a fluid having free-stream velocity equal to U, over a thin plate as shown in
Fig. 13.4. The drag force on the plate can be determined if the velocity profile near the plate is
known. Consider a small length Ax of the plate at a distance of x from the leading edge as shown in
Fig. 13.4 (a). The enlarged view of the small length of the plate is shown in Fig. 13.4 (b).

08-11-2022 Dr. Pritam Kumar Das
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ADITYA ENGINEERING COLLEGE (A)

The shear stress T, is given by 1, = U (ﬂ) , where (Z—;] is the velocity distribution near the
y=0 y=0
plate at y = 0.
Then drag force or shear force on a small distance Ax is given by
AF [, = shear stress X area
=T XAxXb ..(13.7) {Taking width of plate = b/}
where AF; = drag force on distance Ax
The drag force AF;, must also be equal to the rate of change of momentum over the distance Ax.
Consider the flow over the small distance Ax. Let ABCD is the control volume of the fluid over the
distance Ax as shown in Fig. 13.4 (b). The edge DC represents the outer edge of the boundary layer.
Let u = velocity at any point within the boundary layer
b = width of plate
Then mass rate of flow entering through the side AD

8
= I p X velocity X area of strip of thickness dy
0

8
=J:) pXuxbxdy {"+ Area of strip = b X dy}

= I: pubdy
Mass rate of flow leaving the side BC

= mass through AD +ai (mass through AD) x Ax
X

3 d [¢d
= | pubdy — LJ pubdyj X Ax
08-11-2022 '[0 ox .‘Pri(t ) 50
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From continuity equation for a steady incompressible fluid flow, we have ADITYA ENGINEERING COLLEGE (A)
Mass rate of flow entering AD + mass rate of flow entering DC
= mass rate of flow leaving BC

Mass rate of flow entering DC = mass rate of flow through BC — mass rate of flow through AD

8 8“5 bd} J-ﬁ
-Io pubdy+ax , PUoay. | XAx ~ Op“bd."

= % U:pubdy] x Ax

The fluid is entering through side DC with a uniform velocity U.
Now let us calculate momentum flux through control volume.
Momentum flux entering through AD

= r momentum flux through strip of thickness dy
0

3
- f mass through strip X velocity = r (pubdy) X u = j puzbdy
0 0 0

8
Momentum flux leaving the side BC = J. pu’bdy + Bi [rpuzbdy] x Ax
0 X | Y0

Momentum flux entering the side DC = mass rate through DC x velocity

d

T ox

)
= _aa_ J'O puUbdy:I X Ax
x -

As U is constant and so it can be taken inside the differential and integral.
Rate of change of momentum of the control volume
= Momentum flux through BC — Momentum flux through AD

08-11-2022 prPritam Kumar Dasy o mentum flux through DC >

[ #8
jo pubdy] x Ax x U (»+ Velocity = U}
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-

2 a 8 2 8 2 ~ i 5 .
= j: pu bdy+a—x[jo pu bd)] x Ax —Jo pu”bdy - ™ UO puUbdy] x Ax

S 3
pu”bdy
0

-pb I: (u2 - uU)dy] X Ax

{ For incompressible fluid p is constant}

J [¢d
X Ax — B_[Jo puUbdy:' X Ax

J: (puzb - puUb)dy] X Ax

ADITYA ENGINEERING COLLEGE (A)

U } - u !
o P Yy o p Y

ox

Now the rate of change of momentum on the control volume ABCD must be equal to the total force
on the control volume in the same direction according to the momentum principle. But for a flat plate

i)
£ - (), which means there is no external pressure force on the control volume. Also the force on the

ox
side DC is negligible as the velocity is constant and velocity gradient is zero approximately. The only
external force acting on the control volume is the shear force acting on the side AB in the direction
from B to A as shown in Fig. 13.4 (b). The value of this force is given by equation (13.7) as
AFp =Ty X Ax X b
Total external force in the direction of rate of change of momentum
=-TyXAx X b --(13.9)

According tfoomomentum,principle, the two values given by equations (13.9) and (13.8) should be
the same.

= pb -.a_“: (142 —uU)dy] X Ax ..(13.8)



—ToXAxXb=pb i[

I

dx
Cancelling Ax x b, to both sides, we have
J 8
=% PXUU
J &
or TO - pg [j[)

T, a[r
or ~=—
pU~* x [ 0

8
In equation (13.10), the expression I %[l - %] dyis equal to momentum thickness 6. Hence
0

equation (13.10) is also written as

Equation (13.11) is known as Von Karman momentum integral equation for boundary layer

T, _ 00
pU 27 ox
flows.
This is applied to :

1. Laminar boundary layers,
2. Transition boundary layers, and
08-11-20223 * Turbulent boundary layer flows.

(u? - uU)dy] X Ax

(u2 - uU)dy]

Dr. Pritam Kumar Das
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| of the plate is obtained from equation (13.7) as

AFD=IOXA.X‘><17

For a given velocity profile in laminar zone, transition zone or turbulent zone of a boundary layer, ADITYA ENGINEERING COLLEGE (A)
the shear stress T, is obtained from equation (13.10) or (13.11). Then drag force on a small distance Ax

Then total drag on the plate of length L on one side is

L
Fp= I AFp = J'O T, X bXdx {change Ax = dx). (13.12)

13.3.1 Local Co-efficient of Drag [Cp*].

quantity % pU?. It is denoted by C,*

Hence Cp* =
1 U?
2 p

08-11-2022

It is defined as the ratio of the shear stress T, to the

13.3.2 Average Co-efficient of Drag [Cp]. It is defined as the ratio of the total drag force to

the quantity % pAUz. It is also called co-efficient of drag and is denoted by Cp,.

..(13.14)

Hence Cp= T Fp

where A = Area of the surface (or plate)

U = Free-stream velocity

p = Mass density of fluid.
13.3.3 Boundary Conditions for the Velocity Profiles. The followings are the boundary
conditions which must be satisfied by any velocity profile, whether it is in laminar boundary layer
zone, or in turbulent boundary layer zone :

1. Aty=0,u=0and 5:-’-‘— has some finite value
Yy
2. Aty=0%,u=U

3. mari@ﬁ,é#a:mhs 54
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Problem 13.4 For the velocity profile given in problem 13.3, find the thickness of boundary layer\ GINEERING COLLEGE (A)
| at the end of the plate and the drag force on one side of a plate I m long and 0.8 m wide when placed
in water flowing with a velocity of 150 mm per second. Calculate the value of co-efficient of drag also.

Take W for water = 0.01 poise.

Length of plate, L=1m
Width of plate, b=08m
Velocity of fluid (water), U=150 mm/s = 0.15 m/s
u for water = 0.01 poise = mN—i = 0.001 Nf
10 m m-
Reynold number at the end of the plate i.e., at a distance of 1 m from leading edge is given by
pUL 0.15x1.0
R, =—=1000 X ——— = 1000
% iy 001 (7 P )
1000 x .15 x 1.0
= = 150000
0.001

(i) As laminar boundary layer exists upto Reynold number = 2 X 10°. Hence this is the case of
laminar boundary layer. Thickness of boundary layer at x = 1.0 m is given by equation (13.17) as

§=548 —% = 548 %10
o JR, 150000

=0.01415 m = 14.15 mm. Ans.
(if) Drag force on one side of the plate is given by equation (13.18)

=0.73 x 0.8 x 0.001 x 0.15 x 4150000 { —=R }

= 0.0338 N. Ans.
(iii) Co-efficient of drag, Cp, is given by equation (13.19) as
1.46 1.46
11- i Cp = ——=—=————= = .00376. Ans.
08-11-2022 Dr. Pritam Kumar Das D \[IC 150000 55



Table 13.1 shows the values of boundary layer thickness and co-efficients of drag in terms of
| Reynold number for various velocity distributions

Table 13.1
Velocity Distribution & Cp
w_(2)_(2Y
1. — =2{=|=1= 548 v/ 1.46/

7 =2(3)-6) R .
o -3(1) 1(1)3 464 ¥/ R 1202/ R
. U 2.8/ 2.3 . B A

- .v y’3 3 <
2 — === =] = 5.84 v/ 1.36/

5 =2{3)-2(3) +(3) B v
4 L o sin (51) 4.79 x/-[R. 1317 R,

' U 28 S :
3. Blasius’s Solution 491 1/ [R 1.328/ JR,_,L

08-11-2022

Solution. Given :

Velocity profile is

u

E

Y
d

)

1
o3

_1(1)3
2\

(5}

3

Kumar Das

Problem 13.8 For the velocity profile in laminar boundary layer as,
L (1)
U 2\4

find the thickness of the boundary layer and the shear stress 1.5 m from the leading edge of a plate. The

plate is 2 m long and 1.4 m wide and is placed in water which is moving with a velocity of
200 mm per second. Find the total drag force on the plate if u for water = .01 poise.

ADITYA ENGINEERING COLLEGE (A)

56



Distance of x from leading edge, x = 1.5 m ITYA ENGINEERING COLLEGE (A)

Length of plate, L=2m
Width of plate, b=14m
Velocity of plate, U =200 mm/s = 0.2 m/s
Viscosity of water, i = 0.01 poise = % =0.001 Ns/m?
For the given velocity profile, thickness of boundary layer is given by equation (13.22) as

S = 4.64 x

R,
Here R, =PY% = 1000 x 22213 _ 350000
® R 0.001
6= b tet R =0.0127 m = 12.7 mm. Ans.
v/300000

. _ E— nu
Shear stress (T,) is eiven by 1, =0.323 — /R
(Tg)is g Y T . \/ e,

=0.323 x 0.001 >< = x V300000 = 0.0235 N/m?. Ans.

Drag Force (Fp) on one side of the plate is given by ( 13.23) as

Fpp=0.646 pU ")U" b
i
02x%20

= 0.646 x 0.001 x 0.2 x JI(I)OX— x 1.4
0.001

= .646 x 0.001 x 0.2 x J400000% 1.4=0.1138 N

08-11-2022 . Total drag force = Drag force on bothisides of thesplate 57
=2 x0.1138 = 0.2276 N. Ans.




Problem 13.9 Air is flowing over a smooth plate with a velocity of 10 m/s. The length of the plate is NGINEERING COLLEGE (A)
1.2 m and width 0.8 m. If laminar boundary layer exists up to a value of R, = 2 x | 0, find the maximum
distance from the leading edge upto which laminar boundary layer exists. Find the maximum thickness

of laminar boundary layer if the velocity profile is given by

7=2(3)-3)
U & o Velocity of air, /=10 m/s
Take kinematic viscosity for air = 0.15 stokes. Length of plate, L=12m
Width of plate, b=08m

Reynold number upto which laminar boundary exists = 2 x 10°
v for air = 0.15 stokes = 0.15 x 10~ m?/s

Reynold number p, = BYx_Ux
X u v
If R, =2x 10, then x denotes the distance from leading edge upto which laminar boundary layer
exists
2 X 105 = 10 X x -
0.15x10

_2x10" x015x10™
10

= 0.30 m = 300 mm. Ans.

2
Maximum thickness of the laminar boundary for the velocity proﬁle, U =2 (g) (-g—) is given by

equation (13.17) as

_ 5A48xx _548x030 _ 0.00367 m = 3.67 mm. Ans.
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Problem 13.11 A thin plate is moving in still atmospheric air at a velocity of 5 m/s. The length of

| the plate is 0.6 m and width 0.5 m. Calculate (i) the thickness of the boundary layer at the end of the

plate, and (ii) drag force on one side of the plate. Take density of air as 1.24 kg/m’ and kinematic
viscosity 0.15 stokes.

Velocity of plate, U=5m/s

Length of plate, L=0.6m

Width of plate, b=05m

Density of air, p = 1.24 kg/m’

Kinematic viscosity, v = 0.15 stokes = 0.15 x 10* m?%/s
Reynold number, R, = e, SR = 200000.

*T v 015x10*

As R, is less than 5 X 10°, hence boundary layer is laminar over the entire length of the plate.
(i) Thickness of boundary layer at the end of the plate by Blasius’s solution is

5_ 491 _491L _491x06
[R. (R, 200000

(if) Drag force on one side of the plate is given by equation (13.14) as

= 00658 m = 6.58 mm. Ans.

CD - _1 FD
~pAU?
2 p
Fp==pAU>x C
08-11-2022 S —Z-pDr Pritam Kuridr Das 59
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/2 | where Cp from Blasius’s solution, Cp, = = 0.002969 = .00297
| JR.,  ~200000

FD=%xl.24x0.6x0.5x52x.002970 (+A=Lxb=0.6x0.5)

= 0.01373 N. Ans.
Note. If no velocity profile is given in the numerical problem but boundary layer is laminar, then Blasius’s
solution is used.

13.6 TOTAL DRAG ON A FLAT PLATE DUE TO LAMINAR AND

TURBULENT BOUNDARY LAYER
Consider the flow over a flat plate as shown in Fig. 13.5.

TURBULENT
BOUNDARY
LAMINAR BOUNDARY LAYER
LAYER &
_———— /
| |
E— TRANSITION
e
—_— >

= X

Fig. 13.5 Drag due to laminar and turbulent boundary layer.
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Let L = Total length of the plate, b = Width of plate,

A = Length of laminar boundary layer

If the length of transition region is assumed negligible, then

L — A = Length of turbulent boundary layer.

We have obtained the drag on a flat plate for the laminar as well as turbulent boundary layer on the
assumption that turbulent boundary layer starts from the leading edge. This assumption is valid only
when the length of laminar boundary layer is negligible. But if the length of laminar boundary layer is
not negligible, then the total drag on the plate due to laminar and turbulent boundary layer is calculated
as :

(1) Find the length from the leading edge upto which laminar boundary layer exists. This is done

by equating 5 X 10° = ﬁ The value of x gives the length of laminar boundary layer. Let this length is
'

equal to A.
(2) Find drag using Blasius solution for laminar boundary layer for length A.
(3) Find drag due to turbulent boundary layer for the whole length of the plate.
(4) Find the drag due to turbulent boundary layer for a length A only
Then total drag on the plate
= Drag given by (2) + Drag given by (3) — Drag given by (4)
= Drag due to laminar boundary layer for length A
+ Drag due to turbulent boundary layer for length L
— Drag due to turbulent boundary layer for length A. 7450 13.%1‘3)
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i i Problem 13.14 (S.1. Units). Determine the thickness of the boundary layer at the trailing edge of

smooth plate of length 4 m and of width 1.5 m, when the plate is moving with a velocity of 4 m/s in
stationary air. Take kinematic viscosity of air as 1.5 x 1 0~ m%/s.
Solution. Given :

Length of plate, L=4m

Width of plate, b=15m

Velocity of plate, U=4m/s

Kinematic viscosity, v=1.5%x 107 m%/s

Reynold number, O — Uk . 30%x49 = 10.66 x 10°

“T v 15x107
As the Reynold number is more than 5 x 10° and hence the boundary layer at the trailing edge is

turbulent.
The boundary layer thickness for turbulent boundary layer is given by equation (13.44) as
X
o= i 7::5 |Here x=Land R, =R,
(%)
0.37 x4.0

= T 0.0921 m = 92.1 mm. Ans.
(10.66 X 105)
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Problem 13.15 In Problem 13.14, determine the total drag on one side of the plate assuming that COLLEGE (A)
(i) the boundary layer is laminar over the entire length of the plate and (ii) the boundary layer is
turbulent from the very beginning. Take p for air = 1.226 kg/mj.

Solution. The data of problem 13.14,

L=4m,b=15m,U=4m/s,
v=1.5%10" m%s

R, =10.66x 10° and p = 1.226 kg/m".

(/) When the boundary layer is laminar over the entire length, the value of Cj, is given by
Blasius’s solution as

Cp= 1328 _ 1328 = 001286

R, 1066%10°

Drag force (Fp) on one side of the plate is

FD=% pAU;’XCD
where A=bxL=15%x4=60m"

- % % 1.226 X 6.0 X 42 X .001286 = 0.0757 N. Ans.

(ii) When the boundary layer is turbulent from the very beginning, the value of co-efficient of
drag, Cp, is given by equation (13.43) as

0.072 0.072
Cp= s PN i 00443
R,) (10.66x10°)

—

Drag force, Fp=— pAU*x Cp

= — % 1.226 x 6.0 x 4% x 00448
08-11-2022
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[ A=bxL=15x4=6m>)
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ADITYA ENGINEERING COLLEGE (A)

— R < PUL _ 000y 10X40

ol — = 40.77 x 10°
T 9.81x 10
Cp= Sl — = 0.00343
5
(40.77 x10°)
(Fec)um, = % AU x Cp = %x 1000 x (4 % 2) x 17 % .00343 = 13.72 N
|
Also (Fep)um, = 5 PAer U x Cp

where A, = Area of plate upto EF = EF x b = 0.49 x 2 = 0.98 m”
0.072 0.072

and —
(REI-‘)US (5 xlOs)”s

D= =.00522

(Fep)ur, = % x 1000 x 0.98 x 1% x .00522 = 2.557 N

Drag force due to turbulent boundary layer from F to G

= (FEG)lUl‘b. ~ (FEF)(UI‘b. = 13.72 -2.557=11.163 N
Drag force on the plate on one side
= Drag force due to laminar boundary layer upto F

+ Drag due to turbulent boundary layer from F to G

= (092 + 11.163 = 12.083 N. Ans.
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When a fluid is flowing over a stationary body, a force is exerted by the fluid on the body. ENGINEERING COLLEGE (A)
Similarly, when a body is moving in a stationary fluid, a force is exerted by the fluid on the body.
Also when the body and fluid both are moving at different velocities, a force is exerted by the fluid
on the body. Some of the examples of the fluids flowing over stationary bodies or bodies moving in

a stationary fluid are :

. Flow of air over buildings,
2. Flow of water over bridges,
3. Submarines, ships, airplanes and automobiles moving through water or air.

» 14.2 FORCE EXERTED BY A FLOWING FLUID ON A STATIONARY BODY

Consider a body held stationary in a real fluid, which is flowing at a uniform velocity U as shown in
Fig. 14.1.

I

STATIONARY
BODY

Fig. 14.1 Force on a stationary body.

The fluid will exert a force on the stationary body. The total force (Fy) exerted by the fluid on the
body is perpendicular to the surface of the body. Thus the total force is inclined to the direction of
motion. The total force can be resolved in two components, one in the direction of motion and other
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%, | 14.2.1 Drag. The component of the total force (Fy) in the direction of motion is called ‘drag’. RING COLLEGE (A)
% This component is denoted by Fj,. Thus drag is the force exerted by the fluid in the direction of motion.

14.2.2 Lift. The component of the total force (Fg) in the direction perpendicular to the direction
of motion is known as ‘lift’, This is denoted by F,. Thus lift is the force exerted by the fluid in the
direction perpendicular to the direction of motion. Lift force occurs only when the axis of the body is
inclined to the direction of fluid flow. If the axis of the body is parallel to the direction of fluid flow, lift
force is zero. In that case only drag force acts.

If the fluid is assumed ideal and the body is symmetrical such as a sphere or cylinder, both the drag
and lift will be zero.

» Lift is defined as the component of the
» 14.3 EXPRESSION FOR DRAG AND LIFT

aerodynamic force that is perpendicular to
Consider an arbitrary shaped solid body placed in a real fluid, which is flowing with a uniform the flow direction, and drag is the

velocity U in a horizontal direction as shown in Fig. 14.2. Consider a small elemental area dA on the component that is parallel to the flow
surface of the body. The forces acting on the surface arca dA are : direction.
‘ , Drag

Tp-dA |

(90"-p)
X

—— e

B

_ =

—_—

S | dA "
—_— *Fp
e

e

R

D

P
STATIONARY Thrust Drag is a mechanical force

generated by a solid
object movingthrough

a fluid. 66

30LID BODY

Fig. 14.2 Drag and lift.



ARTA TNGINEERING COLLEGE (A)
1. Pressure force equal to p X dA, acting perpendicular to the surface and

2. Shear force equal to T, X dA, acting along the tangential direction to the surface.

Let 6 = Angle made by pressure force with horizontal direction.
(a) Drag Force (Fp). The drag force on elemental area
= Force due to pressure in the direction of fluid motion
+ Force due to shear stress in the direction of fluid motion.
= pdA cos 0 + TydA cos (90° — 8) = pdA cos 6 + T,dA sin 6
Total drag, F = Summation of pdA cos 8 + Summation of T,dA sin ©
= | p cos 8dA + | 1, sin 0dA. (14.1)
The term | p cos BdA is called the pressure drag or form drag while the term J T, sin 6dA is called the
friction drag or skin drag or shear drag.
(b) Lift Force (F;). The lift force on elemental arca
= Force due to pressure in the direction perpendicular to the direction of motion
+ Force due to shear stress in the direction perpendicular to the direction of motion.
= — pdA sin B + TydA sin (90° ~ 8) = ~ pdA sin 0 + TydA cos 6
Negative sign is taken with pressure force as it is acting in the downward direction while shear force
is acting vertically up.
Total lift, F,=|1,dA cos © — | pdA sin ©
= | 15 cos 8dA - | p sin BdA .(14.2)
The drag and lift for a body moving in a fluid of density p, at a uniform velocity U are calculated
mathematically, as

Fl):CDA P—ztj—.— .(14.3)

) o .(14.4)
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ADITYA ENGINEERING COLLEGE (A)
where Cp = Co-cfficient of drag,

C, = Co-efficient of lift,

A = Area of the body which is the projected area of the body perpendicular to the direction

of flow
Or
= Largest projected area of the immersed body.
Then resultant force on the body, F, = JF; + FLZ ..(14.5)

The equations (14.3) and (14.4) which give the mathematical expression for drag and lift are derived
by the method of dimensional analysis.

14.3.1 Dimensional Analysis of Drag and Lift. In the chapter of Dimensional and Model
Analysis it is shown in problem 12.6 that the force exerted by a fluid on a supersonic plane is given by :

F= LZUZ ¢ _!’l_.i (l)
=P pUL pU*
Also in problem 12.7, it is shown that the force exerted by a fluid on a partially sub-merged body is
given by :
F=pL2u |- L8 i)
pUL U~

Thus the general expression for the force exerted by a fluid (air or water) on a body (completely
sub-merged or partially sub-merged) is given as

L K
= 3 ] ..(14.6)

W, P N
r-pLU¢|:pUL Ul pu?
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where L = Length of body, U = Velocity of body,
i = Viscosity of fluid, p = Density of fluid
F = Force exerted, k = Bulk modulus of fluid,
g = Acceleration due to gravity.
If the body is completely sub-merged in the fluid, the force exerted by the fluid on the body due to
gravitational effect is negligible. Hence the non-dimensional term containing ‘g’ in equation (14.6),

e, ,ng; is neglected. If the velocity of the body is comparable with velocity of sound, the effect due to

compressibility is to be considered. But if the ratio of the velocity of the body to the velocity of the
sound is less than (0.3, the force exerted by the fluid on the body due to compressibility is negligible.
Hence the non-dimensional term in equation (14.6) containing K can be neglected. Then the force
exerted by fluid on the body is given as

2 5 UL
F = pL*U? i . L2U? BY %
oo b | <ot |20

where pUL = Reynolds number = R,

F=pL*U [R,]. L(14.7)
Now Fis the total force exerted by the fluid on the body. The total force is having two components,
one in the direction of motion called drag force and other component in the direction perpendicular to
the direction of motion, called lift force.
The two components of F are expressed as

2pp2
where C, is a function of R, and is called co-efficient of drag
=CDA% {~+ L= Area=A}
pL2U2
And F, = 5 x Cp

where C; is a function of R, and is called co-efficient of lift

2
= CL A &‘Dr Pritam Kumar Das
2
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Problem 14.1 A flat plate 1.5 m x 1.5 m moves at 50 km/hour in stationary air of density 1.15 kg/m’. If "NGINEERING COLLEGE (A)
| the co-efficients of drag and lift are 0.15 and 0.75 respectively, determine :
(i) The lift force, (ii) The drag force,

(iti) The resultant force, and
(iv) The power required to keep the plate in motion.

Area of the plate, A=15%15=225m’
Velocity of the plate, [ 50 i S SO K e T
60 x 60
Density of air p = 1.15 kg/m’
Co-efficient of drag, Cp=0.15
Co-efficient of lift, C,=0.75
(f) Lift Force (F,). Using equation (14.4),
2 2
F,=CAxRY = 075%2.25% M3 x2'339 N = 187.20 N.
(ii) Drag Force (F;). Using equation (14.3), 2 L15 % 13.89°

FD=CDxAxP—(2/—=O.15x2.25x 5 N =37.44.N,

(iii) Resultant Force (Fg). Using equation (14.5),

Fo=F} + F} =[3744% +18720° N

= /1400 + 35025 = 190.85 N. Ans.
(iv) Power Required to keep the Plate in Motion
Force in the direction of motion X Velocity KW
1000
FpxU _37.425x13.89
1000 1000

P=

08-11-2022 Dr. Pritam Kumar Das = KW = 0.519 KkW. Ans. 70




Ty, | Problem 14.2  Experiments were conducted in a wind tunnel with a wind speed of 50 km/hour on a DITYA ENGINEERING COLLEGE (A)
« 2 flat plate of size 2 m long and 1 m wide. The density of air is 1.15 kg/m". The co-effictents of lift and
drag are 0.75 and 0.15 respectively. Determine :

(i) the lift force, (ii) the drag force,
(iti) the resultant force, (iv) direction of resultant force and

(v) power exerted by air on the plate.
Area of plate, A=2x1=2m?
Velocity of air, U = 50 km/hr = 201000 m/s = 13.89 m/s

60 x 60

Density of air, p = 1.15 kg/m”
Value of Cp=0.15and C, =0.75

(f) Lift force (F,)
Using equation (14.4), F,=C xAXpX U2[2

=0.75 x 2 x 1.15 x 13.89°/2 = 166.404 N. Ans.
(it) Drag force (Fp)
Using equation (14.3), Fp=CpXxAXpX U

=0.15x 2% 1.15 % 13.89%/2 = 33.28 N. Ans.
(iti) Resultant force (Fg)

Using equation (14.5),  Fy= F2 + F{ =+/3328" +166.404° = 169.67 N (V) The direction of resultant force ©)
The direction of resultant force is given by,
A F, _ 166.38 _
F, 33275
o 6 =tan”' 5= 78.69°. Ans.
(v) Power exerted by air on the plate
Power = Force in the direction of motion X Velocity
=Fpx UNm/s=33280x 13.839 W
08-11-2022 Dr. Pritam Kumar Das

= 462.26 W. Ans. =
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